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Abstract. Transitivity is a central, generative principle in social and
other complex networks, capturing the tendency for two nodes with a
common neighbor to form a direct connection. We propose a new model
for highly dense, complex networks based on transitivity, called the It-
erated Local Model Tournament (ILMT). In ILMT, we iteratively apply
transitivity to form new tournaments by cloning nodes and their ad-
jacencies, and either preserving or reversing the orientation of existing
arcs between clones. The resulting model generates tournaments with
small diameters and high connectivity as observed in real-world complex
networks. We analyze subtournaments or motifs in the ILMT model and
their universality properties. For many parameter choices, the model gen-
erates sequences of quasirandom tournaments. We also study the graph-
theoretic properties of ILMT tournaments, including their cop number,
domination number, and chromatic number. We finish with a set of open
problems and variants of the ILMT model for oriented graphs.

1 Introduction

Complex networks are pervasive in the real world, and key observed properties
include the small-world effect, scale-free degree distributions, and clustering into
dense communities. Such networks are often globally sparse, meaning they have
few edges relative to their number of nodes. See the book [6] for a survey of
complex networks.

In the present work, we consider highly dense networks in which each pair
of nodes is adjacent. Tournaments are oriented graphs where each pair of nodes
shares exactly one directed edge (or arc). Tournaments are simplified represen-
tations of highly interconnected structures in networks. For example, we may
envision an active sub-thread on the discussion site Reddit, in which users com-
ment on one another’s posts. A tournament arises from such social networks by
assigning an arc (u,v) if the user u responds more frequently to the posts of v
than v does to u. Variants include arcs determined by up- or down-votes. Simi-
larly, densely structured communities also occur on other social media platforms,
such as X, Instagram, and TikTok, where subsets of users cluster around a given
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topic or account. Other examples of tournaments in real-world networks include
those in sports, where edges represent one player or team winning over another.
Such tournaments on social and other networks grow organically; therefore, it is
natural to consider models that simulate their evolution.

Balance theory in undirected graphs cites mechanisms to complete triads
(that is, subgraphs consisting of three nodes) in social and other complex net-
works [18,22]. A central mechanism in balance theory is transitivity: if x is a
friend of y, and y is a friend of z, then z is a friend of z; see, for example, [27].
Directed networks of ratings or trust scores, along with models for their prop-
agation, were first considered in [19]. Status theory for directed networks, first
introduced in [23], was motivated by both trust propagation and balance theory.
While balance theory focuses on likes and dislikes, status theory posits that an
arc indicates that the creator of the link views the recipient as having higher sta-
tus. For example, on X or other social media platforms, an arc denotes one user
following another, and the follower may have higher social status. Evidence for
status theory was found in directed networks derived from Epinions, Slashdot,
and Wikipedia [23].

Many models simulate the properties of complex networks, such as prefer-
ential attachment [2,5]. The Iterated Local Transitivity (ILT) model introduced
in [11] and further studied in [8,12] simulates structural properties in complex
networks that emerge from transitivity. Transitivity gives rise to the notion of
cloning, in which a new node = is adjacent to all the neighbors of an exist-
ing node y. Note that in the ILT model, nodes exert local influence within their
neighborhoods. The ILT model simulates many properties of social networks. For
example, as shown in [11], the model-generated graphs densify over time and ex-
hibit poor spectral expansion. In addition, the ILT model generates graphs with
the small-world property, which exhibit low diameter and high clustering coef-
ficient relative to random graphs with the same number of nodes and the same
expected average degree. A directed analogue of the ILT model was introduced
in [9], and a tournament-based model was first considered in [7]. Other variants
of the ILT model include [3,10, 13, 24].

We introduce a new deterministic model for complex networks based on tran-
sitivity that yields tournaments, thereby extending the model considered in [7].
The Iterated Local Model for Tournaments (or ILMT) model is defined as fol-
lows. Fix a base tournament Gy and an infinite binary sequence s named the
generating sequence. We define a sequence of tournaments G; (referred to as
time-steps) as follows.

For each time-step ¢ > 1, we obtain the tournament G; from G;_1 by the
following steps.

Add a node z’ for each node z of G4_1.

Add the arcs (u,v"), (u/,v) for each arc (u,v) in Gy_1.

Add the arc (2, z) for each node z in G¢_;.

For each arc (u,v) in Gy_1, add the arc (v/,v’) if s(t) = 1 or add the arc
(v, u') if s(t) = 0.

= o=
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We refer to x’ as the clone of x in G; and z as the parent of x’. The tour-
naments G; are called ILMT tournaments. See Figure 1 for examples of ILMT
tournaments.
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Fig.1: The first three time-steps of ILMT tournaments, where Gy is a directed
edge, and the sequence s has values s(1) = 1 and s(2) = 0. In G, 2’ denotes
the clone of x while (2’)" denotes the clone of z’, for x = a, b.

The reverse of Gy_1 if s(t) = 0. Otherwise, the subtournament of G; in-
duced by the clones is isomorphic to G;_1. We denote G; more precisely by
ILMT, s(Gy). For brevity, we often omit explicit references to Gy and the gener-
ating sequence s. We refer to the entries of s with a zero as its support; if there
are infinitely many 0-entries, we say that s has infinite support.

The paper is organized as follows. In Section 2, we prove that ILMT tour-
naments have low diameter and possess high connectivity. We show that ILMT
tournaments are universal in the sense that they embed all finite tournaments.
We give precise counts in ILMT tournaments of the number of directed 3-cycles
and of linear orders of order 3. Quasirandomness is explored in Section 3. If the
generating sequence has infinite support, then ILMT tournaments are quasir-
andom; see Theorem 6. In particular, this gives precise, asymptotic counts of
any given finite tournament in ILMT tournaments. In Section 4, we consider
graph-theoretical properties of ILMT tournaments, including their cop num-
bers, domination numbers, and chromatic numbers. Our final section includes
directions for future research.

Throughout the paper, we consider finite, simple tournaments. A tournament
is strong if for each pair of nodes x and y, there are directed paths connecting
x to y and y to x. The in-neighbors and out-neighbors of node v are denoted by
N~ (v) and Nt (v), respectively. If 1, xa,...,x, are nodes of a tournament G
so that (x;,x;) is an arc whenever i < j, then G is a linear order. We denote the
linear order on three nodes by T5 and the directed 3-cycle by Ds. A sink is a node
with out-degree 0, and a source is a node with in-degree 0. For background on
tournaments, the reader is directed to [1] and to [28] for background on graphs.
For background on social and complex networks, see [6,15].
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2 Diameter, Connectedness, and Motifs

In this section, we show that ILMT tournaments satisfy several properties ob-
served in real-world complex networks, including small diameter and high con-
nectivity. We first show that, under mild restrictions on the base tournament
and generating sequence, ILMT tournaments have diameter at most 3.

Theorem 1. If the tournament Go has no sink and s has nonempty support,
then for sufficiently large t, the diameter of ILMT, ((Gy) is at most 3.

Proof. Let G be a base tournament with no sink and let Gy = ILMT; (G),
for each ¢ > 1. In particular, Gy must have at least three nodes and G; has no
sink for every ¢ > 0, since a clone at time ¢ has its parent as an out-neighbor.

Suppose s(t + 1) = 0 for some ¢ > 0. We show that G;y; must be a strong
tournament of diameter at most 3. Pick distinct nodes v and v in G4 such that
(u,v) is an arc. Since there are no sinks, there must be a third node w in G; that
is an out-neighbor of v. The nodes u,v’, and v’ form a D3 in G441. We also have
that either the nodes u, v, w’ form a D3 in Gyy1 or they form a directed 4-cycle
along with v/, depending on whether w is an in-neighbor or out-neighbor of wu,
respectively. Altogether, we have that any two nodes in G;;1 are in a directed
cycle of length at most 4. This is equivalent to the condition that Gy is strong
with diameter at most 3.

Next, we show that if G; is a strong tournament of diameter at most 3 and
s(t +1) = 1, then Gy; has diameter at most 3. Let u,v € V(Gy), a € {u,u'},
and 3 € {v,v'}, then a directed path from « to § can be obtained from a directed
path in G; of length at most 3 from u to v by replacing u with « and replacing
v with . The length of the resulting directed path in Gy41 is also at most 3.
Therefore, Gy41 is a strong tournament of diameter at most 3.

Proceeding inductively, we have that if ¢y > 0 such that s(tg + 1) = 0, then
G, is a strong tournament of diameter at most 3 for all ¢ > t;. Since the support
of s is nonempty, such a ¢ty must exist. a

The connectivity k(T) of T is the minimum size of a set of nodes S C V(T')
such that 7'\ S is not strongly connected. A tournament T is called k-connected
if k(T) > k. As a consequence of the following theorem, the connectivity of
ILMT is unbounded as time-steps become large. The proof is omitted for space
considerations.

Theorem 2. If Gy is a k-connected tournament, for some k > 1, and G1 =
ILMT1 s(Go) for some generating sequence s, then Gy is 2k-connected.

A motif is an isomorphism type of a specified tournament. Motifs play an
important role in the structure of complex networks, both in graphs and in
digraphs; see [26]. We provide precise counts of motifs of order 3.

Theorem 3. Let Gy be a tournament of order ng > 3, let s be a generating
sequence, and for each t > 1, let Gy = ILMT, 4(Go). Let a; denote the number
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of subsets of V(Gy) of cardinality 3 that form a D3 and let by denote the number
of subsets of V(Gy) of cardinality 8 that form a Ts. We then have that for all
t>1,

2t—1 1

3
and for all t > 0,

Proof. Let n; = 2'ng denote the order of Gy, for each ¢ > 0. Since each G is a
tournament, a; 4+ b; is equal to the number of subsets of V(G;) of cardinality 3.
Therefore, by = (T;t) — ay, for t > 0. It suffices to show that for ¢t > 1,

8at71 if S(t) = 1,
at = t—
! S5ar_1 + b1 + (2 217’L0) if s(t) = 0.

Suppose that s(t) = 1. No D3 in G; can consist of an arc of the form (2/, x)
for x € V(G;i-1). Therefore, every subset of V(G;) of cardinality 3 that forms
a D3 in G is one of the eight sets obtained from the nodes of a D3 in G;_1 by
replacing any number of them with their clones. Therefore, a; = 8a;_1.

Next, suppose that s(t) = 0. Fix a subset S of V(G;_1) of cardinality 3 that
forms a Dj3. Of the eight sets that one can construct from S by replacing any
number of its elements with its clone in G, only five form a Ds. If exactly two
nodes of S are replaced with their clones, then the subtournament of G; induced
by the resulting set of nodes is a T5.

If S forms a T35 in G4_1, then of the eight sets that one can construct from
S by replacing any number of its elements with their clones in G, we have that
seven form a T3 in G;. The only one of these eight sets that forms a D3 in G,
is the one obtained by replacing exactly the source and the sink of 7" with their
clones. Allowing S to range over all cardinality 3 subsets of V(G;—1) that form
a D3 in G¢_1 we have that there are 5a;_1 +b;_1 D3’s in G that do not contain
an arc from a clone to its parent.

Finally, still under the case s(t) = 0, suppose that S is a 3-node subtourna-
ment of G; containing some x € V(G;_1) and its clone z’. We then have that S
forms a T3 if and only if the third node of T is either a neighbor of z in Gy_1
or the clone of an in-neighbor of  in G;_1. If v is an out-neighbor of x in G;_1,
then {z,2’,u'} forms a D3. Therefore, the number of cardinality 3 subsets of
V(Gy) that form a D3 and contain both a clone and its parent is equal to the
total out-degree of G;_1, which is equal to the size of G;_1. Altogether, we have

that 1
2'7n,
ay = 5az_1 + b1 + ( 9 0>,

2t=1pg

when s(t) = 0. Substituting b;_; = ( 3 ) — a¢_1, we obtain the result. O

For a k-node subtournament H of G, its proportion is the ratio of the num-
ber of copies of H in G, and the number of k-element subsets of V(G). From
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Theorem 3, we derive the asymptotic proportion of motifs of order 3 in ILMT
tournaments. The following theorem does so explicitly for the proportion Dj3’s,
with the proportion of T3’s derived by taking the difference with 1. Note that, as
expected, we observe that ILMT typically generates a large proportion of T3’s.

Corollary 1. Let Gg be a tournament of order ng and let i be the proportion
of D3’s in Gjy.

1. If s(t) = 1 for all t > 1, then the proportion of Ds’s in ILMT, (Go) ap-

proaches 200" 2) (no 772(710 =2)

Hnoast — oo.
0
2. If s has infinite support, then the proportion of Ds’s in ILMT, (Go) ap-

proaches % ast — oo.

Proof. By Theorem 3 we have that

at _ 2s(t)+2} Gt n 1-— s(t) 1 <2t—1n0 + 1)
= ) .

8t 8 8&t—1 8 23(t—1)

—1 3
Note that 23“%1)(? ;“H'l) — % as t — oo. Let a; = gF. We then have that

o if s(t) = 1,
a =027 + {Off_l L, fs)
5+ + gy if s(t) =0.

If s is the constant sequence of 1’s, then a; remains constantly ag, so that
the proportion of D3’s -~ approaches

(*5°)

6@0 TL()(TLO - 1)(n0 - 2)&0 o TL()(TLO — ].)(TLO — 2)

A ) BT

as t — oo. If s has infinite support, then a; approaches the fixed point of the
3 3
o

2, which is 4. In this case, the proportion of Ds’s in Gy
6 _ 1

3
g 6 _ 1
approaches 5 w3 =g a

function z — § +

If we perform enough 0-steps, then we arrive at the following universality
property: any motif type can appear eventually in ILMT tournaments after suf-
ficiently many time-steps.

Theorem 4. Let Gy be a tournament of order ng and let n < ng. For a gener-
ating sequence s with infinite support, let r be the smallest integer such that

H1<t<r:s(t) =0} =n.

We then have that every tournament on n nodes is isomorphic to a subtourna-
ment of ILMT, 4(Gy).
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Proof. Let Sy be an n-subset of the nodes in Gy, and let G be a tournament
with n nodes. Let ¢g : Sy — V(G) be a bijection. Choose some node u of G. Let
up = ¢p (u) and t; = min{t : s(t) = 0}. Define Ay to be the set of nodes v € Sy
such that (ug,v) is an arc in Go, and (¢o(v),u) is an arc in G.

Now, define S; to be the n-subset of the nodes of Gy, formed from Sy by
replacing the elements of Ag U {ug} by their clones in Gy,. Let ¢1 : S1 — V(G)
be the bijection given by ¢1(v) = ¢g(v) for v € Sp NSy, and ¢ (v') = ¢o(v) for
v € Sy \ S1, where v’ is the clone of v in Gy,. Now, for every v € Sy, we have
that (¢1(up), ¢1(v)) = (u, ¢1(v)) is an arc in G.

We repeat this process of replacing arcs by their reverse, each time choosing
a node in G that has not been chosen previously and defining the set S; and the
bijection ¢; : S; — V(G) analogously. After n-many 0-steps, we have that for
each arc (z,y) in ILMT, ((Go) with z,y € Sy, (¢n(2),dn(y)) isan arcin G. O

We have the following corollary.

Corollary 2. If a generating sequence s has infinite support, then every tour-
nament on n nodes is a subtournament of some ILMT tournament.

3 Quasirandomness

Given Corollary 1 and 2, an interesting question is to estimate the counts of larger
motifs. Although this problem appears challenging, we provide an asymptotically
exact count for a broad range of ILMT tournaments. To this end, we turn to
the theory of quasirandom tournaments, first studied in [17]. Such tournaments
are deterministic families that share several asymptotic properties with random
tournaments.

Given tournaments G and H, we define the density of H in G as the following
ratio, where n(H, G) is the number of copies of H present in G, and Aut(H) is
the automorphism group of H:

_|Aut(H)|n(H,G)

(i

de(H)

A sequence of tournaments (G, : n > 1) is said to be a quasirandom if for
all tournaments H we have that
|V ()|
lim d, (H)=2"(""""),
n— 00 n
The uniformly random tournament on n nodes labeled 1,2, ..., n has arcs (1, j)
with ¢ < j chosen with probability p = 1/2. In a quasirandom sequence, the den-
sity of any subtournament H in G,, approaches the density of H in the uniformly
random tournament. While calculating the density of every subtournament may
appear challenging, it may be unnecessary. A tournament G is quasirandom-
forcing if any sequence of tournaments (G, : n > 1) such that
V(G|
lim di;, (G) =2 ("),

n—oo
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is quasirandom. Quasirandom-forcing tournaments have been completely char-
acterized in the following result.

Theorem 5 ([21]). If G is a quasirandom-forcing tournament, then G is either
a linear order with at least four nodes or a particular non-transitive tournament
with five nodes.

Hence, to show that a sequence of tournaments is quasirandom, it is sufficient
to consider the density of the linear order on four nodes. We take that approach
in the following theorem.

Theorem 6. If s has infinite support, then (G : t > 0) forms a quasirandom
sequence.

Proof. For simplicity, we consider the sequence consisting of all 0’s only. Now,
there are four unique tournaments on four nodes: the linear order, the Winner
tournament, which is the unique non-transitive tournament with a node of out-
degree 3, the Loser tournament, which is the unique non-transitive tournament
with a node of in-degree 3, and the Mized tournament, which is the unique
tournament with out-degree sequence (1,1, 2,2).

Let G be any tournament, and let G; be the tournament obtained from ¢
applications of 0-steps to G. Let p; be the proportion of 4-tuples in Gy, that are
linear orders, let w; be the proportion of 4-tuples in G that are Winner, let ¢,
be the proportion of 4-tuples in G; that are Loser, and let m; be the proportion
of 4-tuples in G; that are Mixed.

Consider any 4-tuple X = {x1, z2, 23,24} of nodes in G;. Each xz; is either a
node in G¢_; or a clone of a node in G;_1, and so we can create a corresponding
tournament X* that is contained entirely in G;_; by replacing each clone node
with its parent node in G;_1. The tournament type of X implies the tournament
type of X* — for example, if X = {z},z), 2%, x4} forms a Winner tournament
in Gy, then X* = {x1, 29, 23,24} forms a Loser tournament in Gy_;. Thus, for
each of the 16 types of 4-node tournaments in GG;, we determine the type of its
corresponding tournament in G;_;. Each proportion of the different tournament
types in G; can therefore be expressed as a linear combination of the proportion
of tournament types in G;_1, which we state as the following matrix equation:

1 1 1 3
bt @ @ Tlﬁ @ Pt—1

0t = 12),5 = ? 1716 g @ lgt_l =Tot
| |EE e
it 16 16 16 164 LMt-1

We note that o; only describes the proportion of 4-tournaments X in G; that
do not simultaneously contain a node and its clone. For example, regardless of
what type of 4-tournament is formed by the nodes X = {z,2’,y, z}, its corre-

sponding tournament X* = {x,y, z} will not form a 4-tournament. However, the

proportion of these tournaments is (2t|V3(G)‘) / (Qt W4(G)|) ~ %, which quickly

goes to 0 as t — oo. Therefore, no matter the behavior of these tournaments, they
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do not meaningfully contribute to the overall proportion of 4-tournament types
in G¢. Hence, the above matrix equation fully governs the long-term behavior of
tournament types in Gy.

We note that the matrices o, form an irreducible aperiodic Markov chain on a
finite number of states with transition matrix 7. It is well known that each such
Markov chain has a limiting distribution 7 that is also a stationary distribution
(see, for example, [25, Corollary 7.9]) that is the unique solution to the matrix
equation m = T'w. Hence, independent of the initial proportions of each of the
types of 4-node tournaments in Gg, the proportions o, must converge to this
distribution 7. It is not difficult to show that 77 =[2 1 & 2], and so as ¢ tends
to oo, the proportion

— n(T47Gt) 3
P viey
4
Hence, we have that
Aut(T, 1 1
g, (Ty) = Mp L L (e,

V(THr '~ 24 64
The proof follows from Theorem 5. a

We finish the section by noting that the ILMT process yields, in a cer-
tain sense, continuum-many pairwise non-isomorphic sequences of tournaments.
Hence, combined with Theorem 6, the ILMT model yields continuum-many non-
isomorphic sequences of quasirandom tournaments.

Theorem 7. Given a tournament Gy and two distinct generating sequences
s and §', there is some t > 1 such that ILMT, (Go) is not isomorphic to
ILMT, o (Go).

Proof. Let Gy = ILMT; 4(Gp) and let Gy, = ILMT, o(Gy). If G; is not isomor-
phic to G, then the desired result holds with ¢ = 1. Tt suffices to show that
if to > 0 such that Gy, = G}, and if s(to + 1) # s'(to + 1), then Gy,41 is not
isomorphic to G} .

Assume to > 0 such that Gy, = G} and s(to +1) = 1 = s'(to + 1) + 1.
Let r be the number of nodes in Gy, with out-degree 2/°~1ng. A node with out-
degree ¢ at time ty must have double the out-degree, 29, at time ¢y + 1. Every
clone in G} ,; has 2'°ny — 1 out-neighbors other than its parent. Thus, G} |,
has r + 2%ng nodes with out-degree 2'°ng. However, note that Gy,+1 has only
r nodes with out-degree 2%ng, since all clones in a 1-step have odd out-degree.
Altogether, we have that the tournaments Gy,41 and G}, are not isomorphic,
since they do not have the same out-degree distribution. That is, the desired
result holds for ¢ = ¢. a

4 Graph-theoretical properties

We next present results on classical graph-theoretical properties of ILMT tour-
naments. For a tournament G, we say that S C V(G) is in-dominating in G
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if every node in V(G) \ S has an in-neighbor in S. Out-dominating sets are
defined analogously. An in-dominating (respectively, out-dominating) set for G
is said to be minimal if it does not contain any proper subset that is also in-
dominating (respectively, out-dominating) for G. The in-domination number of
G, denoted 7~ (G), is the least cardinality among in-dominating sets for G. The
out-domination number of G, denoted v ¥ (G), is defined analogously. In the case
that G is a tournament, the condition that v~ (G) = 1 is equivalent to the con-
dition that G has a source. Similarly, when G is a tournament, then v (G) = 1
if and only if G has a sink.
We provide the following lemma.

Lemma 1. Let Gy be a tournament, let Gy be the tournament obtained from
Gy as the result of a 0-step, and for any S C V(Gp) let 8" = {2’ : x € S}. We
then have the following.

1. 8" ={a' : © € S} is an in-dominating set for Gy if and only if S is both an
in- and out-dominating set for Gg.

2. If S with |S| > 1 is a minimal in-dominating set for Go, then S’ is an
in-dominating set for Gy.

Proof. For space considerations, we only prove (1). If S’ is an in-dominating set
for Gy, then for every x € V(Gg) \ S, there exist some u,v € S such that (uv/, x)
and (v/,a’) are arcs in G;. We have that (u,z) and (x,v) are both arcs in G,
so S is both in- and out-dominating for Gj.

Conversely, if S is both in- and out-dominating for Gy, then every clone in
V(G1) \ S’ has an in-neighbor in S’ that is an out-neighbor of its parent, and
every node in V(Gp) has an in-neighbor in S that is the clone of one of its
neighbors in S. Moreover, every element of S’ is an in-neighbor of its parent in
S. Thus, S’ is an in-dominating set for G;. Item (1) follows. O

Theorem 8. Let Gy be a tournament and G1 the tournament obtained from
Go as the result of a 0-step. For any S C V(Gy) with |S| > 1, we have that
S'={a' : x € S} is a minimal in-dominating set for Gy if and only if S is a
minimal in-dominating set for Gy.

Proof. Suppose that S’ is a minimal in-dominating set for G1. By Lemma 1, S is
an in-dominating set for Go. In particular, S contains a minimal in-dominating
set for Go, say Sp. By Lemma 1, the set S, = {2’ : ¢ € Sp} is an in-dominating
set for G that is contained in S’. Since S’ is minimal in Gy, we have S’ =
and thus, S = Sy. Therefore, S is a minimal in-dominating set for Gy.
Conversely, suppose that S is a minimal in-dominating set for Go. By Lemma 1,

S’ is an in-dominating set for G;. Let Sp C S such that S} = {2’ : x € Sy} is
a minimal in-dominating set for G;. By Lemma 1, Sy is in-dominating for Gj.
However, since S is minimal, we have that Sy = S and so S’ = Sj. Therefore,
S’ is a minimal in-dominating set for Gj. O

We have the following corollary, which shows that the in- and out-domination
numbers of ILMT tournaments are either constant across time-steps or eventu-
ally constant.
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Corollary 3. Let Gy be a tournament and G, = ILMT, ;(Gy). We have the
following:

1. vT(Gy) = v (Gy) for all t > 1.

2. If Gy has no source, then v~ (Gy) = v~ (Go) for all t > 1.

3. If Go has a source and s has infinite support, then v~ (Gy) = 2 for sufficiently
large t.

Proof. For t > 1, if S is an out-dominating set for G;_1, then S is an out-
dominating set for G;. Each clone has its parent as an out-neighbor and, if
v € V(Gi—1) — S, then v has an out-neighbor in S and so v’ does as well. If S
is an out-dominating set for Gy, then the set obtained from S by replacing each
clone with its parents is an out-dominating set for G;_1. Altogether, we have
YH(Gi—1) =T (Gy) for all t > 1. Item (1) follows.

A similar argument shows that v~ (G;_1) = v~ (G;) when s(t) = 1. If G has
no source, then Gy also has no source for any ¢ > 1. By Theorem 8, we have that
77 (Gi—1) = v (Gy), even when s(t) = 0. Item (2) follows.

For item (3), note that if u is a source in Gy;—1 and s(t) = 1, then v is a
source in G;. For some t; > 0, suppose that s(tg + 1) = 0 and G4, has a source
u. We then have that G,4+1 has no source because every parent has its clone
as an in-neighbor, every node other than u and v’ has u as its in-neighbor, and
u’ is a sink among the clones. Since {u,u’} is in-dominating for Gy, 41, we then
have that v~ (Gy,+1) = 2. Applying item (2) to the sequence s(t + to + 1) and
base graph Gy, 1, we have that v~ (Gy) =7 (Gio41) = 2 for all t > t. O

We next turn to pursuit-evasion games. Cops and Robbers is a game played on
a tournament G. There are two players, consisting of a set of cops and a single
robber. The game is played over a sequence of discrete time-steps or rounds
indexed by nonnegative integers, with the cops going first in round 0. The cops
and robber occupy nodes. When a player is ready to move in a round, they must
move along an arc to a neighboring node. Players can pass or remain on their
own node. Any subset of cops may move in a given round. The cops win the
game if, after a finite number of rounds, one of them can occupy the same node
as the robber. This situation is called a capture. The robber wins if they can
evade capture indefinitely.

The minimum number of cops required to win is a well-defined positive in-
teger, called the cop number of G, written ¢(G). For additional background on
the cop number of a graph, see the book [14].

The cop number in ILMT tournaments does not change with a 1-step, as the
following theorem shows (with proof omitted).

Theorem 9. If Gy is a tournament and Gy results from a 1-step, then ¢(Go) =

C(Gl).

As the domination number upper bounds the cop number, Corollary 3 gives
an upper bound of 2 to the cop number of ILMT tournaments whose generating
sequence has infinite support. We show that, even after a single 0-step, the cop
number is at most 3.
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Theorem 10. If Gy is a tournament and Gy results from a 0-step, then we have
that ¢(G1) < 3.

Proof. Let u and u’ be a parent node and its clone in G;. Suppose that we begin
by placing the two cops on u’ and the third cop on w. If the robber begins on a
clone node v’, then either there is an arc (u,v) in Gg, meaning there is an arc
(u,v’) that the cop on u can use to capture the robber, or there is an arc (v, u)
in G, meaning there is an arc (u’,v") that the cop on «’ can use to capture the
robber.

We may then suppose that the robber begins on a parent node, say v. We
then have that either there is an arc (u,v) in G, meaning the cop on u can move
along this arc to capture the robber, or there is an arc (v,u) in Gy, meaning
there is an arc (u’,v") that one of the two cops on u’ can use to move to the
node v’.

Since this is the only case in which the robber is not immediately captured,
we assume this last case occurs. Now, if the robber does not move, the cop on
v’ can move along the arc (v’,v) to capture the robber in the next round. If the
robber moves along an arc (v, w), then w must be a parent node to avoid capture
by one of the robbers remaining on « and u'. However, there is an arc (v/,w),
and thus, the cop on v’ can move along this arc to capture the robber. a

The following elementary lemma is used to show that the cop number after
a O-step is always at least two.

Lemma 2 ([20]). If G is a tournament with ¢(G) = 1, then G contains a
source.

As shown in the proof of Corollary 3, an ILMT tournament resulting from a
0-step does not contain a source.

Theorem 11. If Gy is a tournament of order at least two and G results from
a O-step, then ¢(G1) > 2.

We finish the section by considering colorings of ILMT tournaments. A k-
coloring of a tournament G is a function ¢ : V(G) — {1,2,...,k} such that
the subtournament induced by the set {v € V(G) : ¢(v) = i} is a linear order,
for 1 < i < k. The chromatic number, written x(G), of a tournament G is the
minimum & such that G admits a k-coloring.

For a 1-step, the chromatic number remains unchanged.

Theorem 12. If Gy is a tournament and Gy results from a 1-step, then x(G1) =

x(Go).

Proof. Let v1,v2,...,v; be a color class in a x(Gg)-coloring of Gy, labeled so
that vei1,...,v; are out-neighbors of vy, for 1 < £ < j. Let v}, v5,...,v} be the
clones of vy,vz,...,v;, respectively. We then have that v, v1,v5,v2,...,0},v;

forms a linear order in G.

Repeating this for each color class, we obtain a x(Gy)-coloring of G;. Hence,
X(G1) < x(Gy). Since Gy is a subtournament of Gy, we also have that x(G;1) >
X(Go). a
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Fig.2: Tournaments G, H, and T, each with chromatic number 2, for which a
0-step increases the chromatic number by 0, 1, and 2, respectively.

For a 0-step, we found examples in which the chromatic number remains the
same, increases by 1, or increases by 2. See Figure 2. In general, the chromatic
number can at most double as a result of a O-step. For ¢ > 1 and 2t-many
0-steps, we have the following upper bound on the chromatic number of Go,
obtained using a partition of Z3! into sets whose dot products between elements
are either always 0 or always 1 (mod 2). By labeling each node of Gy; with a
binary string of length 2¢ and its parent node in Gy, we can describe the color
classes in G5; using color classes in an optimal coloring of the base tournament
and the partition of Z3' described above. The full proof is omitted for space
considerations.

Theorem 13. Let Gg be a tournament and, fort > 0, let Gy be the tournament
obtained by performing 2t-many 0-steps. We then have that

X(Gar) < (2" = 1)x(Go).

We define a sequence S; of tournaments as follows, first given in [4]. Let S be
the one-node tournament. For ¢ > 2, let S; = A(S;-1,S;—1,1) be the tournament

formed by taking the disjoint union of two copies of S;_1, call them Si(i)l and
SZ.(E)I, and a single node v. Add all possible arcs from SZ‘(P1 to Sﬁ)l, from Si(i)l to

v, and from v to Si(i)l' Note that S; contains 2° — 1 nodes.
Theorem 14 ([4]). Fori > 1, x(S;) > i.

We have the following corollary, which shows that the chromatic numbers of
ILMT tournaments are unbounded.

Corollary 4. Let i > 1 and Gy be a tournament with ng > 2t — 1 nodes. Let
G be the tournament obtained by performing t-many 0-steps. We then have that
logy(t + 1) < x(Gy).

Proof. By Theorem 4, at most t = 2° — 1 many 0-steps are required to guarantee
that G4 contains the tournament S; as a subtournament. This subtournament
requires i = log, (¢t + 1) colors by Theorem 14, and therefore G; does as well. O
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5 Discussion and Future Work

The ILMT model produces tournaments with small diameters and increasing
connectivity. Given a generating sequence with infinite support, the resulting
ILMT tournaments contain all motifs as subtournaments. Further, such generat-
ing sequences give rise to continuum-many non-isomorphic quasirandom families
of tournaments. We also determined how domination numbers, the cop number,
and the chromatic number behave under the 0- and 1-steps in the model.

Several directions remain open. A probabilistic version of ILMT, where each
time-step applies a 0- or 1-step with given probability, would be interesting
to analyze. The precise growth of the chromatic number under general infinite
sequences also remains open. While we have a logarithmic lower bound for the
chromatic number of ILMT tournaments, their actual chromatic number is likely
much larger. It is unclear how close the upper bound given in Theorem 12 is to
being optimal.

While ILMT applies to dense communities in complex networks, a natural
extension of ILMT is to sparser oriented graphs. For example, in a 1-step, include
the arcs (2/,u) for each node z and out-neighbor w of z in Gy_1; in a O-step,
include the arcs (2’,v) for each node z and in-neighbor v of z in Gy_1. See
Figure 3.

b b 1% b 1% b’ (2

[ ] o+— @ [ ] L] [ ]

° [ ] [ ] j [ ] { ]

a a (l/ a a/ a// (a/)/
Go G G2

Fig.3: A sequence of oriented graphs formed by a 1-step and then a 0-step.

Oriented graphs generated by this model will not be tournaments, but will
provably generate densifying families. It would be interesting to analyze the
complex network and graph-theoretic properties of such iterated oriented models
in future work.
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