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ABSTRACT. We consider a variant of the Localization game where the cops have limited visibility.
For a nonnegative integer k, we study the k-visibility Localization game and the corresponding k-
visibility localization number (. This game is connected to the k-truncated metric dimension and
isoperimetric boundary conditions on the host graph. We give bounds on k-visibility localization
numbers related to maximum degree, isoperimetric inequalities, and other graph parameters. For all
k, we give a family of trees with unbounded (j, values. Extending results known for the localization
number, we show that for k > 2, every tree contains a subdivision with (x = 1.

1. INTRODUCTION

Pursuit-evasion games are combinatorial models for detecting or neutralizing an adversary’s
activity on a graph. Examples include Cops and Robbers and the Localization game. In such
models, pursuers (often called cops) attempt to capture an evader (called the robber) loose on the
vertices of a graph. The rules governing how players move and how the adversary is captured
depend on the variant under study. Such games are motivated by foundational topics in computer
science, discrete mathematics, and artificial intelligence, such as robotics and network security.
For surveys of pursuit-evasion games, see the books [4, 10]; see Chapter 5 of [4] for more on the
Localization game.

In the Localization game, the robber is invisible, and the cops use distance probes to determine
their exact location. The Localization game was first introduced for one cop in [15, 27]. The game
in its present form was first considered in the paper [15] and subsequently studied in several papers,
including [2, 5, 6, 7, 12, 13, 14, 28].

Limiting the robber’s visibility has been studied in the context of the Cops and Robbers game.
For a nonnegative integer k, in k-visibility Cops and Robbers, the robber is visible to the cops
only when a cop is distance at most k. The case when k& = 0 has been studied [18, 19, 30], as
has the case when k = 1 [32, 33, 34], and a recent paper studied the cases k > 1 [16]. A variant
of the Localization game was introduced in [9], in which the cops have visibility of 1. The goal
of the present paper is to extend this to larger ranges of visibility. Such variants have surprising
connections to various width parameters and isoperimetry in graphs; see [11] for connections to
isoperimetry in complete trees.

Let k be a nonnegative integer. The k-visibility Localization game is played over a sequence of
discrete time-steps; a round of the game is a move by the cops and the subsequent move by the
robber. The robber occupies a vertex of the graph, and in each round may move to a neighboring
vertex or remain on their current vertex. A move for the cops is a placement of cops on a set of
vertices (note that the cops are not limited to moving to neighboring vertices). The players move on
alternating time-steps, with the robber going first. In each round, the cops C1,Cs, ..., C,, occupy
a set of vertices u1,us9,...,u;, and each cop sends out a cop probe d;, where 1 < ¢ < m. If a cop
C; is at distance j from the vertex of the robber, where 0 < j < k, then d; = j. In all other cases,
the cop probe returns no information, and we set d; = *. Hence, in each round, the cops determine
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a distance vector D = (dy,ds,...,dy) of cop probes. Relative to the cops’ position, there may be
more than one vertex z with the same distance vector that the robber may occupy. We refer to
such a vertex x as a candidate of D or simply a candidate.

The cops win if they have a strategy that, after a finite number of rounds, determines a unique
candidate, at which time we say that the cops capture the robber. We assume the robber is
omniscient, in the sense that they know the entire strategy for the cops. If the robber evades
capture, then the robber wins. For a graph G, define the k-visibility localization number of G,
written (x(G), to be the least positive integer m for which m cops have a winning strategy in the
k-visibility Localization game.

For a graph G of order n and diameter d = diam(G), a probe of * by a (d — 1)-visibility cop
can only represent a distance of d, and so ((G) = (4_1(G). It is also straightforward to see that
Co(G) < n — 1. It then follows that

((G) = (-1(G) < (—2(G) <+ < ((G) <n—1,

as a winning cop strategy in the k-visibility Localization game will also be winning in the (k + 1)-
visibility Localization game.

The Localization game is connected to the metric dimension of a graph, which is the minimum
size of a resolving set, a set of vertices vy, v, ..., v, such that the distance vector is unique to
each vertex of G. Hence, the metric dimension is the number of cop probes needed to locate the
robber in one round of the Localization game. The metric dimension of graphs was introduced
in [22, 29] independently. The k-visibility Localization game is similarly related to the k-truncated
metric dimension of a graph, introduced in [20, 21], in which a resolving set uses a metric where
distances larger than k are indistinguishable. The k-truncated metric dimension has been studied
in, for example, [1, 17, 24].

We note that Bernshteyn and Lee [3] introduced the zero-visibility search game, which is similar
to the zero-visibility Localization game, except that the robber is captured only if it shares a vertex
with a cop. As an example in which the parameters differ, two cops are required to win the zero-
visibility search game on the graph P», whereas the zero-visibility Localization game requires only
one cop.

The paper is organized as follows. In the next section, we study a variant of the k-visibility
localization number, called the k-proximity number, which will be used to derive bounds and to
connect it to an isoperimetric function. Section 3 focuses on trees, and for each k& we give a family
of trees with unbounded (j, values. We also consider a threshold problem, determining how fast
k must grow so that (; remains bounded on a growing sequence of trees. Section 4 shows that
every tree contains a subdivision with ( = 1 when k£ > 2. This extends an analogous result about
1-visibility localization numbers of trees [15] to k-visibility localization numbers. We finish with a
discussion of future directions.

In a forthcoming paper, we analyze the k-visibility localization number of Cartesian grids. A
result of that work not captured in this investigation is a separation of the (i parameters: for
distinct ¢ and j, there exists a graph G = G(4, j) such that (;(G) # (;(G).

All graphs we consider are finite, simple, and undirected. The variable k stands for a nonnegative
integer. Unless otherwise stated, we only consider connected graphs. The set of vertices that share
an edge with x is denoted N(x), and we refer to vertices in N(z) as neighbors of x. We define
N(z] = N(x) U{z}. For a set S of vertices, N[S] = |J,cq N[u]. For a graph G, let A(G) be the
maximum degree of a vertex in G, and for £ > 0 define Ag(G) to be the maximum number of
vertices within distance k of any vertex u € V(G). Note that Ag(G) = 1 for all G. For further
background on graph theory, see [31].
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2. PROXIMITY AND ISOPERIMETRIC BOUNDS

We begin by introducing the k-prozimity game as a tool for analyzing (. The k-proximity game
has the same rules as the k-visibility Localization game; however, in addition to winning by locating
the robber, the cops may also win by having any cop be within distance k of the robber. We denote
the minimum number of cops required to win the k-proximity game on a graph G as prox(G).
This is a generalization of the blind Localization game first considered in [12] corresponding to the
case that k = 1, which was later reintroduced as the one-proximity game in [9]. The k-proximity
game is also analogous to the k-visibility seeing cop-number introduced in [16]. Note that similar
to the localization number, we have prox,_;(G) > prox,(G) for k > 1.

We first prove Theorem 1, which shows that while the k-proximity number and k-visibility
localization numbers are not necessarily the same, there is an upper and lower bound on (i in
terms of prox,. Recall that Ag(G) is defined as the maximum number of vertices within distance
k of any vertex u € V(QG).

Theorem 1. For a graph G and k > 0,
prox,(G) < (x(G) < Ak(G) prox,(G).

Proof. The lower bound holds because, for any strategy used by the cops to identify the robber in
the k-visibility Localization game, the same number of cops playing the k-proximity game in the
same way can identify the robber’s position.

For the upper bound, we simulate a k-proximity cop by using at most Ag(G) k-visibility local-
ization cops to probe each vertex visible by the k-proximity cop. By following a winning strategy
in the k-proximity game, some k-proximity cop must come within distance k of the robber. In the
corresponding cop move for the k-visibility game, the cop probes the robber’s exact location. [

Noting that Ag(G) = 1 for all G, we find that {y(G) = proxy(G) for any graph, which also follows
from the definitions of the games: being within distance 0 of the robber is identical to locating the
robber, so the two conditions for the k-proximity cops to win are identical to the condition for the
k-visibility Localization cops to win.

When G is a tree, the k-proximity and k-visibility localization numbers are even more closely
linked.

Lemma 2. For a tree T', we have that
prox,(T) < (x(T) < prox,(T) + 1.

Before we prove Lemma 2, we must consider how the k-visibility Localization and k-proximity
games behave on subtrees. A graph property f is monotone with respect to subgraphs if f(G’") <
f(G) for each subgraph G’ of G. In general, as in the Localization game, the k-visibility localization
number of a graph G is not necessarily monotone with respect to subgraphs, even if only induced
subgraphs are considered; see Exercises 5.6 and 5.7 in [4] for an example in the Localization game.
However, when G is a tree, we observe that the properties in question are monotone with respect
to subgraphs.

Lemma 3. For a tree T with subtree T, (x(T") < (i(T) and prox,(T") < prox,(T).

Proof. Let f: V(T) — V(T") map f(v) = v for each v € V(T”) and, for u € V(T)\ V(T"), let f
map u to the unique vertex in V(7”) minimizing the distance (in T') from w. To play either game
on T", the cops follow their winning strategy on 7. Whenever their strategy calls for probing a
vertex u € V(T)\ V(T"), they instead probe f(u) and add the distance (in T') from u to f(u) to the
distance they receive. If this distance is greater than k, then the cops treat the probe as though it
returned .
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Since for any v in V(7”) and w in V(7)) \ V(T"”) the unique shortest path from u to v must pass
through f(u), this strategy yields the exact same information as the strategy on 7', but with the
additional information that the robber cannot be on any of the vertices in V/(7") \ V(7”). Thus, the
candidate sets formed in this strategy will be subsets of the candidate sets formed in the strategy
on T, so as the strategy succeeds on T, it will also succeed on T". ([l

We can now prove Lemma 2.

Proof of Lemma 2. Theorem 1 provides the lower bound. Note that when k = 0, (x(7") = prox(T),
and so the statement clearly holds. We therefore assume for the rest of the proof that £ > 1 and
describe a strategy to use prox;(7) + 1 cops to win the k-visibility Localization game.

Choose a vertex r € T and root T" at r. We use one cop, say C,, to probe r each round. Let
11,75, ..., Ty be the connected components of T'— r. To avoid immediate capture at r, the robber
must be on T; for some i. Notice that the robber is unable to leave T; without going through r, at
which point C, would probe a distance of 0 and capture the robber, so the robber must remain on
T;.

By Lemma 3, prox,(7;) < prox,(T") for each i. Our goal is to determine which 7; contains the
robber and move C; to the root of that 7;. As the height of T; is strictly smaller than 7', this
strategy inductively pushes the robber to a leaf vertex where they will be captured. The cops other
than C, follow a winning k-proximity game strategy on T;. As this strategy is winning and T; is
finite, there is some maximum number of rounds required under this strategy to capture the robber.
If these cops follow this strategy for that many rounds without ever probing a non-* distance, then
the cops know the robber is not located on T; and proceed to T;11. However, if the cops do probe
a non-* distance, they must be able to determine if the robber is located in T} or is merely within
distance k of some vertex in T;.

To demonstrate how they accomplish this, suppose that the cops probe a vertex v in T; and find
the robber is within distance k of v, say distance d;. Let do be the distance that the cop C; probed
to the robber, with either do < k or do = *, and let d3 be the distance between v and r. If dy = 0,
then the robber is captured by the cop C), so we may assume that 1 < dy < k or do = *. If the
robber is located outside of 75, then r is on the unique path between v and the robber, requiring
ds < dy, so if dy > dy, the cops know the robber is located in T;. If do < dy, we have that ds # *.
In this case, we claim that the robber is located in T; if and only if do + d3 — di > 0. Consider
the walk in 7" from the robber’s location to r and then to v. By the triangle inequality, this walk,
which has length dy + ds, is at least as long as d;. As T is a tree, equality holds if and only if the
path from the robber to v goes through r, which occurs if and only if the robber is located outside
of T;. We conclude if do = *, dy > dy, or do < di and dy + d3 — di > 0 then the robber is located
in T;, and if do < di and ds + d3 — di = 0, then the robber is not located within 7;. In either case,
by executing a winning k-proximity strategy on 7T;, the cops can determine whether the robber is
located in T; or that they should move on to T;41.

Suppose the cops determine that the robber is on T;. If do = 1, then the robber is captured,
either because di = 0 or they are at the unique vertex at distance d3 — 1 from v and distance 1
from r. If do > 2, then after the robber’s next move, then the robber will still be within 7;. In
this case, C, can safely switch to probing the root of T}, trapping the robber in a tree of strictly
smaller height. By repeating this process, the cops inductively reduce the height of the tree until
they capture the robber at a leaf vertex. O

For a set of vertices S, let N(.S) denote the set of vertices in V(G) \ S with a neighbor in S. We
will refer to this as the border of S. The wvertex-isoperimetric function of a graph G at volume k is

defined as

o _ .
v(G, k) nggl)ﬂs':k\N(S)
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which was defined on graphs by [23]. In the literature, the term isoperimetric inequality is commonly
defined as a lower bound on |[N(S)|, typically for a general set S. Let ®y(G) = max; v (G, k);
this value is referred to in the literature as the isoperimetric peak.

Theorem 4. For an n-vertex graph G with G # K,

Dy (G)

G (G) > prox, (G) > W

Proof. Suppose that we play the k-proximity game with i‘;((g)) or fewer cops, and assume for

contradiction that the cop player can win. During the present round, denote the set of vertices
that the robber could occupy before the cops have probed any vertices as S, after the cops have
probed their vertices as So, and after the robber has moved as S3 (which is equal to S; in the
subsequent round). Since each cop can detect the robber on at most Ag(G) vertices on each round,

cumulatively there are at most L(ZZ(((G;)) | - Ag(G) < @y (G) vertices of Sy in which the robber would
be caught by the cop if the robber occupied that vertex. Therefore, |S2| > |Si| — @y (G).

Let x > 1 be the maximum value such that ®y(G,z) = @y (G). We claim that our condition
G # K, implies z > 1. By definition ®y (G, 1) = min, N({v}) = §(G), and so if z = 1 we have
that 6(G) = &y (G,1) = Py (G). Consider a set S C V(G) of cardinality |S| = n — 6(G). The
complement of S, written S¢, contains §(G) vertices, each with degree at least §(G) and at most
d(G) — 1 neighbors in S¢. It follows that each vertex of S¢ has a neighbor in S, and so N(S) = S°.
Since this observation holds for all sets S, it follows that ®(G,n —§(G)) = §(G), and since x = 1 is
the maximum value with ®(G, z) = 6(G), it must be that n—0(G) < 1. Equivalently, 6(G) > n—1,
which only occurs if G = K,,.

Therefore, we may assume that the maximum z such that ®v (G, z) = &y (G) satisfies © > 1.
We claim, by induction, that on each round |Si| > = + ®y(G). For the base case, we show that
IV(G)| > z+ &y (G), since |S1| = |V(G)| in the first round. Adding ¢ vertices B to a set A may
decrease the border of A by at most ¢ vertices, namely, N(AU B) O N(A) \ B. It follows that
Oy (G, x+1i) > @y (G)—i. In particular, when ¢ = ®y(G) —1, this yields ®y (G, z+ Py (G)—1) > 1.
Since the border of the set of all vertices, N(V(G)), is empty, we know ¢y (G, z) = 0 for z > |V (G)].
Combining this with the previous statement, we must have that  + ®y(G) — 1 < |V(G)|, from
which it follows that x + @y (G) < |[V(G)|.

This means that at the start of the game, we have |S1| = |V(G)| > = + @y (G) vertices that the
robber could occupy. We assume that the cop player can win the k-visibility Localization game on
G, and thus the number of vertices the robber can safely occupy eventually tends to zero. The set
of vertices the robber may occupy only decreases after the cop player’s move, so |S1]| > z + @y (G)
unless we had |Ss| < 2 + ®y(G) in the previous round. Thus there must be some round where we
have |S1| > x + @y (G) and |S3| < z + Py (G). We suppose the present round is such a round.

Since we know |S2| > |S1| — @y (G) and we have assumed that |S;| > = + @y (G), we have that
|S2] > (x 4+ Py (G)) — Py (G) = = > 1, so at least two vertices are candidates and the robber
is not captured this round. Suppose that |S3| = = + p, for some p > 0. We also have that
[N(S2)| = ®v(G,z +p) 2 v (G) — p, and so

|93 = [S2 + [N (S2)| = (2 +p) + (Pv(G) —p) =z + v (G).

Therefore, if we start with = + ®y(G) or more vertices where the robber can safely hide before the

current cop move, then there will be x + ®y(G) or more vertices for the robber before the next

move, and the robber will not be caught. Since we start with |V(G)| > = + @y (G) vertices where

the robber could be, the cops will never be able to reduce the size of the unknown vertices below

x > 1, and so the robber will never be caught. This completes the contradiction. ]
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A path-decomposition of a graph G is a sequence of subsets of V(G), say X;, such that for each
e € E(G) there is an ¢ such that e € X; and such that X; N X, € X; whenever ¢ < j < k. The
pathwidth of a graph G, pw(G), is the minimum of max; | X;| over all path-decompositions.

Lemma 5 ([9]). For a graph G and positive integer k,
prox;(G) < (G) < pw(G),

and for k =0 we have
proxg(G) = (o(G) < pw(G) + 1.

We have the following corollary to Theorem 4 and Lemma 5 for the 0-visibility localization
number.

Corollary 6. For an n-vertex graph G with G # K,
Dy (G) +1 < proxy(G) = ((G) < pw(G) + 1.

In the complete graph case, we have that @y (K,,) = proxy(Ky,) = (o(Kp) = pw(K,) =n — 1.

We note that pw(G) is equal to the vertex-separation number [25], which is an isoperimetric-
type property of graphs. Since proxy(G) = (o(G) is bounded above and below by isoperimetric-type
properties, we can think of this value as intrinsically measuring some kind of isoperimetric-type
property of the graph G.

3. TREES

The original Localization game, in which the cops have unrestricted vision, is completely un-
derstood on trees. As was proved first in [27] and later in [13], the localization number of trees
is at most two, and trees with localization number 1 are fully characterized. In contrast, it was
shown in [9] that the 1-visibility localization number of trees is unbounded. This also holds for the
k-visibility localization number.

Let T'(h,q) denote the complete g-ary tree of height h; that is, the rooted tree where each vertex
of distance less than h from the root has ¢ children. The isoperimetric peak of T'(h,q) has been
studied, and will allow us to understand the k-visibility Localization game on trees.

Theorem 7 ([11]). For integers h > 1 and q > 2,

h for q =5,
(I)V(T(ha Q)) 2qh+1- 1qu(2h) fO?" qc {3, 4}7
5 log,(VBR) for 2.

When we fix ¢ and k to be constants and take h > k, it follows that Ag(T'(h,q)) = q(q;# is
also constant. Applying Theorem 4 and Theorem 7 in this case yields a lower bound of (i (T'(h,q))

that tends to infinity with h, which we capture in the following result.
Theorem 8. If d and k are nonnegative integers, then there exists a tree T' such that (x(T) > d.

Note that when ¢ and k are fixed constants, this lower bound is asymptotic to the radius of the
tree, rad(7"). We show in Theorem 11 that there is an upper bound on (j that is asymptotic to the
radius of the tree for k constant. As such, the bounds are asymptotically tight for such complete
g-ary trees. These bounds are not asymptotically tight when k changes with the radius of the tree,
however. Noting that (x(G) weakly decreases when only k increases, in Theorem 10 we find the
threshold on k in terms of the radius required for the k-visibility localization number to diverge on
trees, and show that a class of graphs exists that diverge beyond this threshold.

We begin with an example problem that illustrates the case when k is large.

6



Theorem 9. For a tree T, if k = rad(T), then (x(T) < 2.

Proof. We give a strategy in which two cops with visibility rad(7") capture the robber. Choose a
vertex r1 that has distance at most rad(T") to each vertex, and root T" at r1. The first cop probes
r1, which will always return a distance d; < rad(7"). The robber is restricted to a subtree of T'
rooted at some neighbor of r1: if they attempt to move from one neighbor of r; to another, they
must pass through rq, at which point d; = 0 and the first cop locates the robber. The second
cop sequentially probes the neighbors of r; until it encounters a vertex ro with distance dy < dj.
The cops now know that the robber is located within the subtree rooted at ro and can repeat the
process on this subtree. In this way, the cops confine the robber to subtrees of decreasing height
until the robber is captured on a leaf vertex. O

Consider a sequence of trees (T},)n>1 of increasing radius. Theorem 8 tells us for fixed k, it
may be that lim, o (x(7,) — oo. However, if we allow k to grow as k = k(n) = rad(T},), then
by Theorem 9 we have that lim, o (x(7,) < 2. In the following theorem, the main result of
this section, we determine how fast & must grow as a function of rad(7") to ensure (i (7},) remains
bounded.

Theorem 10. For every sequence of trees (Iy,)n>1 with rad(T,) — oo and every positive integer
valued function f such that f(n) = Q(y/n), there exists a constant d such that if k = k(n) =
f(rad(Ty,)), then

lim sup (i (T,,) < d.

n—oo

For every positive integer valued function f such that f(n) = o(y/n) there exists a sequence of trees
(Th)n>1 such that, with k = k(n) = f(rad(T},)),

lim (x(T5,) = oo.
n—oo
The upper bound of Theorem 10 follows from the following general upper bound for (x(7") in
terms of k and rad(7T).

Theorem 11. For any tree T and any integer k > 1,

(T < Fad(;) + k-‘ 1< rad(T)

rad(T)+k
L2

Proof. We give a strategy in which { —‘ + 1 cops capture the robber in the k-visibility

Localization game. Choose a vertex r of T' with distance at most rad(7") from any other vertex,
and root T at r. Our strategy broadly works as follows. The cop player’s first goal is “detecting”
the robber by probing a vertex that returns a non-* distance. To detect the robber, we first describe
how to use the probes on a single path from 7 to a leaf of T'. Next, we describe how to move from
one leaf to the next, “sweeping” across 7. We apply this detection scheme not to T itself, but
to the subtrees rooted at the neighbors of r. As in other proofs, once we determine the subtree
containing the robber, we apply the strategy recursively, forcing the robber to a leaf where they
are captured.

First, consider the following strategy to protect a path from r to a leaf of T of length ¢ using
V,;"—Qk] cops. We claim that, by implementing this strategy, the robber cannot, after a finite number
of rounds, enter the path without being detected by some cop probe within distance k. Consider
the set of vertices Sy = {si}ZLi/OkJ on the path such that s; is at distance ik from r. If £/k is not
an integer, then add the leaf to Sy as sy We claim that if each of these vertices is probed at
least once every k rounds, then after each vertex has been probed once, the cops can detect the
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robber entering the path. Suppose that the cops begin by probing the vertices along the path at
S0y Sky S2%s v+ v s Svikhﬂk. Note that this placement uses

2
-k +k l+k (+k
1+ L2 =1+ K2 L= L2
probes. On subsequent rounds, if a cop probed s; on the previous round, then they probe s;11 on
this round. After a cop probes the leaf, they return to the root and probe r.

If ¢/k is an integer, then Sy contains 1 + ¢/k = 1 + [{/k] vertices, and otherwise it contains
2+ |l/k] =1+ [£/k] vertices. Over k rounds, the cops probe a total of

k- V;ﬂ k. V/kljﬂ > [0k +1] = 1+ [¢/k]

vertices, where we use the inequality x - %W > [y]. Thus, this strategy guarantees that every vertex

in S, is probed at least once every k moves.

Now suppose the cops have implemented this strategy for at least k rounds so that every vertex
in S, has been probed at least once. Assume for contradiction that the robber enters the path
at some vertex v between the vertices s; and s;+; and then leaves the path, all without any cop
probing a vertex within distance k of the robber. Let ¢ denote the last round in which a cop
probes s;411 before the robber reaches v. Let the robber’s position on round ¢ be up, and the
robber’s position on round t + k£ be us. To go undetected on round ¢, u; must be at distance
at least k 4+ 1 from s;11. To avoid being detected on round t — 1, when s; was probed, u; must
also be at distance at least k from s;. First suppose u; is at distance at most g from v. There
is exactly one path from wu; to s; and exactly one path from w; to s;y1, both of which must pass
through v. Thus, we can say that d(s;,v) = d(s;,u1) — d(v,u) > k — % = % and similarly,
d(sit1,v) = d(si+1,u1) — d(v,u1) > k+1— % = % + 1. This gives

k k
d(si, si+1) = d(s;,v) +d(v, si41) > g Tgtl= k+1,

but s; was chosen to be at distance at most k& from s; 1. Thus, we conclude u; is at distance greater
than k/2 from v. Similar analysis shows us is at distance greater than k/2 from v. But then from
round ¢ to round ¢ + k the robber has traveled a distance of d(uy,v) + d(v,u2) > k/2 + k/2 = k,
which is a contradiction. We conclude that the robber cannot enter the path at any vertex v. The
robber cannot enter the path at any s; € Si, because if they are at distance k+1 when s; is probed,
they cannot reach s; before it is probed again. We conclude that after k£ rounds if the robber enters
the path, some cop will probe a vertex within distance k of the robber.

Next, we extend the strategy provided above, which detects the robber if they move to a path of
T, to a strategy that detects the robber on T'. Order the root-to-leaf paths in 7" using a depth-first-
search ordering of the leaves. All but one cop, say C*, will probe these paths. The cops use the first
k rounds to clear the first path using the method described above. During this time, C* probes r
every round. After the first k£ rounds, the cops probing the first path will now focus on the second
path. They spend the next k rounds clearing the second path using the method described above,
while C* alternates between probing r and the vertex furthest from r shared between the first and
second paths. The cops continue this strategy, spending k rounds per path while C* alternates
between probing r and the last vertex shared between the current and previous path.

We claim that this detection strategy works; that is, after finitely many rounds, some cop will
probe a vertex within distance k of the robber. To prove this claim, we show that from round jk+1
to round (j + 1)k; the robber can only stay undetected by occupying vertices on paths later in the
order than path j. As T contains a finite number of leaves, the robber will eventually be detected.
Because the vertices were chosen by depth-first search, the vertices of path j partition T into the
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vertices on paths that come before j and those on paths that come after j, so the robber cannot
access the vertices on paths before j without first occupying a vertex on path j. The initial portion
of path j, up to at most distance k from where path j diverges from path j + 1, has been probed
for at least the last k£ rounds, so the robber is unable to enter undetected by the previous analysis.
As C* probes the junction between path j and path j+ 1 every other round, and k > 1, the robber
cannot access vertices close to the intersection of the paths either. The remaining vertices of path
j are only adjacent to vertices in paths that came before j, so the claim holds by induction.

To capture the robber, the cop player applies this detection strategy to the subtree rooted at
each neighbor of r, with the modification that C* probes r whenever it would probe the root of the
subtree. The cop player’s goal is to determine a neighbor 7’ of r such that the robber is contained
in the subtree of the descendants of 7/, with root taken to be 7’. Suppose the detection strategy
is played on the subtree of descendants of 7/, and some cop’s probe returned a distance of at most
k to the robber. A cop probes 7’ once in every k rounds, and the cop C* probes r once every two
rounds, and might probe a vertex close to r’ on the other round. All other vertices that are probed
by the cops have distance more than k to vertices outside of this subtree. Therefore, the cop who
probed a distance of at most k£ to the robber knows the robber is on this subtree unless it was one
of these specially mentioned probes. In the latter case, the cops probe r and r’ in the next round.
If the robber was not on this subtree in the last round, then the cop on r will probe a distance of
at most k, say dq, and the cop on ' will probe a higher value, say ds, which has either do = d; + 1
or dg = %, both of which indicate to the cops that the robber is not on this subtree. If the robber
is in this subtree, then either both cops probe *, or do < di, or do = k and d; = *.

The cops can then probe r and 7/, ensuring the robber is not on either vertex, and then restart
the strategy on the subtree rooted at r’. As this subtree has a strictly smaller radius, the claim
follows by induction, noting that a tree of radius one is a star with k-visibility localization number
1 when k£ > 1.

Suppose the robber plays only on the subtree rooted at some 7/. In that case, the cops will
eventually use the detection strategy on that subtree, detect the robber, and make progress by
limiting the robber to a smaller subtree. To avoid this, the robber will attempt to move from one
neighbor of r to another. As C* probes r every other round and k£ > 1, they will detect the robber
at distance 1 from r. When this occurs, the cops adopt a straightforward strategy: C* probes r
every round, while the other cops probe the neighbors of r. As long as C* received a distance
of 1 on the previous round if a cop probes a neighbor of r and receives either no distance or a
distance larger than C*, then the cops know that the robber is not located on that subtree. If
C* stops receiving a distance of 1, the cops restart their detection strategy having eliminated at
least [rad(k#} subtrees that could contain the robber. We conclude that the robber approaching
r only speeds up the cops’ progress to find the subtree on which the robber resides. Therefore, the
robber’s best strategy is to stay on one subtree of r where they will eventually be detected, and
the cops will make progress. ]

The following corollary provides a bound in the case k = 0.
Corollary 12. For any tree T, (o(T) < rad(T) + 1.

Proof. Similar to the proof of Theorem 11, we order the paths from a central root vertex to the
leaves by depth-first-search and sequentially search each root-to-leaf path by placing a cop on each
vertex of the path. O

To prove the lower bound in Theorem 10, we begin with the following construction.



Theorem 13. For each h > 1, ¢ > 3, and k > 1, there exists a tree T of height rad(T) = h(k + 1)
with
Oy (I(ha) | h—1og,(2h)  rad(T) log(rad(T))

4k+1) — 4k+1) T 4k+12 4k+1)log(q)

Proof. Let T be the result of taking T'(h,q) and subdividing each edge k times. Note that the
resulting tree has height rad(T") = h(k + 1): initially, the path from root to leaf had h edges, each
of which was subdivided into k + 1 edges, for a total of h(k + 1) edges in a path from root to leaf
in T. The vertices of T' that were originally vertices of T'(h,q) will be called major vertices of T.
Each vertex of T is distance at most k£ from at most two major vertices.

Given a winning strategy for the k-proximity game on 7' that uses prox;(7') cops, we will con-
struct a winning strategy for the 0-proximity game on T'(h, q) that uses 4(k + 1) prox,(T') cops. By
Theorem 4, the 0-proximity game on T'(h, q) requires more than ®y (7'(h,q)) cops for the cops to
be able to win. From Theorem 7, ®y (T'(h,q)) > h —log,(2h) when ¢ > 3 and h > 1. This result
gives us the desired bound: since 4(k + 1) prox(7") cops can win the O-proximity game on T'(h, q),
we have 4(k + 1) prox, (T') > h — log,(2h) or

G (T) >

h — log,(2h
prox, (1) > 4(1{:?(12))
rad(T)/(k +1)  logy(2rad(T)/(k + 1))
4k +1) 4(k+1)

rad(T) log(rad(T"))

“4(k+ 12 4(k+1)log(q)
and Theorem 1 implies that this many cops are needed for the k-visibility Localization game as
well.

We refer to the 0-proximity game on T'(h,q) with 4(k + 1) prox,(T') cops as the shadow game
and the k-proximity game on 7" with prox,(7") cops as the main game. We will create a mapping
from the positions of the cops on the main game during certain rounds to the vertices of the shadow
game at certain rounds. If the robber is not caught when the cops play on these vertices of the
shadow game during these rounds, then we can show that there is a robber strategy in the main
game that also avoids capture. That is, we use the shadow game as an oracle for the main game.

We partition the rounds of the main game into periods of k£ + 1 rounds. For period o > 1, which
runs from round (o —1)(k+1) + 1 to round a(k + 1), let S, be the set of major vertices such that
some cop probed a vertex of distance at most k£ from that major vertex during period «. There are
at most two major vertices of distance k from each vertex, there are k + 1 rounds per period, and
proxy(1") vertices are probed during each round of the main game. Therefore, S, contains at most
2(k + 1) prox;,(T) vertices.

The cops in the shadow game adopt the following strategy. On round « of the shadow game,
they observe how the cops in the main game play during the k 4+ 1 rounds of period a. In the
shadow game, the cops probe So_1 U S, (where we take Sy = &). As |S,| < 2(k + 1) prox,(T) for
each «, this move requires at most 4(k + 1) prox,(7T') cops. Thus, it suffices to demonstrate that
this strategy captures the robber in the shadow game.

For the sake of contradiction, suppose that the robber cannot be captured in the shadow game.
Specifically, assume the robber occupies a sequence of vertices {w;}5°; such that d(w;, w;y1) < 1 for
i > 1 and no cop in the shadow game probes w; on round i. Suppose that the robber in the main
game chooses to implement the following strategy: they begin the game at w;. For each ¢ > 1, if
w; # w41 the robber spends rounds (i — 1)(k + 1) + 1 to i(k + 1) moving from w; to w;41, and
if w; = w;y1 then the robber remains stationary during these rounds. In either case, the robber
is on w41 at the end of round i(k 4+ 1). The robber in the main game is invisible, and the cops
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in the main game win as soon as a probe returns a non-* distance, so this change in the robber’s
strategy does not affect how the cops play in the main game. Because prox,(7') cops are playing
the main game, this robber strategy does not avoid capture. Suppose the robber was captured in
the main game on some round (j —1)(k+ 1)+ ', with 1 < 8/ < k+ 1. Since k > 1, we can assume
the cop player wins the main game because a probe returns a non- distance, as otherwise we can
just extend the game by one additional round, in which a cop plays on the last known position of
the robber and will probe a non-* distance, since the robber may be distance at most 1 from this
vertex.

So on round (j —1)(k+1) + 8 in the main game, the robber is on a vertex u when a cop probes
vertex v such that dp(u,v) < k. The robber was on vertex v in the path connecting the two major
vertices w; and w;j41, and this cop was on vertex v in the path between the two major vertices,
say y1 and y2, noting that we have w; = w;;1 if the robber was on a major vertex or y; = y if
this cop was on a major vertex. Since dp(u,v) < k, it must be that one of w; or w;;1 is equal to
one of y; or yo. However, since {y,y2} C S;, this means that one of w; or w;y; is in S;. In the
shadow game, S; was probed on round j and again on round j + 1. Thus, if w; € S;, the robber
would have been captured in the shadow game on round j, and if w;11 € S;j, the robber would
have been captured in the shadow game on round j + 1. However, this contradicts our assumption
that the robber was not captured in the shadow game. We then have that the proposed cop
strategy in the shadow game with 4(k + 1) prox(T") cops is guaranteed to capture the robber, and
so proxy(T'(h,q)) < 4(k + 1) prox,(T), as claimed. O

Next, we use this construction to bound (i (T'(h,q)).
Corollary 14. For ¢ >3,k >1, and W' > k + 1,
1 A= (k+1)1+log,(h))
T(h —- .
Ck( ( 7Q)) (k+1)2

Proof. Set h = L%j The complete g-ary tree of height h’ contains T, the subdivision of T'(h, q)
that we analyzed in Theorem 13, noting that ¢ > 3,k > 1, and

' k+1
=[] =[]

h —log,(2h)
4(k+1) °

W

Theorem 13 and Lemma 3 yield
G(T(M,q)) > G(T) >

Ashzkh—#l—l,wehave
1 B = (k+1)(1 4 log,(h'))
(k+1)?

as claimed. 0O

Ck (T(h‘/7 Q)) >

=

Noting that rad(7'(h,q)) = h and h + k = ©(h) when h > k + 1, Theorem 11 together with
Corollary 14 yield the following result.

Corollary 15. For q > 3,k > 1, and h(k) = h > k + 1, when k tends to infinity,
h
(T a) =0 (43 ).
In fact, so long as ¢ > 3, k > 1, and h(k) = h > k + 1, these results imply that we know

the asymptotic value of (x(T'(h,q)) when k tends to infinity up to a multiplicative factor of 4, as
11



Corollary 14 yields limsupy,_,. (k(T(h,q))/(k—hQ) > 1 and liminfy,_,oo (T (R, q))/(%) < 1 from
Theorem 11.
We complete this section with a proof of Theorem 10.

Proof of Theorem 10. We begin with the case that f = Q(y/n). There is @« € Rt and N € N such
that for all n > N, f(n) > ay/n. There are 3,7 > 0 such that 8 < f(n) < v for all integers
1 <n < N since thls set of values is finite. By Theorem 11, if rad(7,,) < N,

G(Tn) < [Ww +1< N;Q’V +2.
For rad(T, we have that
rad 1< rad(T,) N 1 +2<1+ 1 49
~ f(ad(Th)? C f(ad(T)) T T a2 aV/N T

Thus, by setting

N+~ 1 1 )
d=max | —5— +2,— + —— +2
(52 a?  ay/N
we have that
lim sup (i (T),) < d.

n—0o0

Now assume f = o(y/n). Let T,, = T'(n,3), and set k,, = f(n). For sufficiently large n we have
n>+/n+1>k,+1,so Corollary 15 yields

= ()= ()

As f(n) = o(v/n), f(n)? = o(n), and thus lim, oo Cx, (T) = oo as required. O

4. SUBDIVISIONS OF GRAPHS

The relationship between subdividing a graph and the Localization game has been studied [15],
and it is known that for any graph G, the graph obtained by subdividing each edge of G 3n times,
G/3" has C(Gl/?’") = 1. The central idea of the cop’s strategy on G¥/3" is that if the cop probes
all the original vertices of G one at a time, the robber will eventually be identified as being close to
a probed vertex, and cannot move to another original vertex of G without the cop identifying its
location. The issue with extending this strategy to the k-visibility Localization game for a fixed k
is that, typically, we consider graphs for which 3n is much larger than k. This renders the strategy
from the original game ineffective, since the cop can no longer see the entirety of any path of length
3n. Therefore, we need to develop a new strategy for graph subdivision in the limited-visibility
game.

To remedy this, we will instead consider what happens if we subdivide the edges non-uniformly.
That is, we do not necessarily subdivide each edge the same number of times. The advantage of
this approach is that if we separate the vertices of a graph into two sets and subdivide all the edges
that go from one set to the other a large number of times, then in the proximity game, the cops
can first clear these subdivided edges and then focus on clearing one of the sets of vertices. If we
think of vertices the cop player has cleared as “clean” and vertices that could contain the robber
as “contaminated,” it will take a large number of rounds for the contaminated area to spread back
over the subdivided edges to recontaminate the clean area. This time allows the cops to essentially
ignore half of the graph while the contamination spreads back over the subdivided edges. Our main
results are summarized in the following two theorems.

Theorem 16. For a tree T and positive integer k, there is a subdivision T" of T with prox,(T") =
12
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FIGURE 1. A tree labeled according to the proof of Theorem 16.

Theorem 17. For a tree T and positive integer k > 1, there is a subdivision T" of T with (. (T") = 1.

One may ask why k =1 is forbidden in Theorem 17 but not Theorem 16. It can be shown that
the class of graphs G with (;(G) = 1 is exactly the set of caterpillars [26]. As a result, it is not
always possible to subdivide a tree T to reduce (;(T") to 1.

We begin with the proof of Theorem 16. In the following, let Children(u) denote the set of
children of u in some rooted tree (that is, the neighbors of w that are further from the root),
Parent(u) denote the parent vertex of a non-root vertex u (that is, the unique neighbor of u closer
to the root), and Desc(u) be the set of descendants of u (that is, the set of vertices v for which the
unique path from the root to v passes through u, including u itself).

Proof of Theorem 16. Choose a vertex r of T' with distance at most rad(7") from each other vertex
as the root of T. Assume that k < rad(7T), as otherwise probing r immediately returns a non-x
distance. Each vertex will be labeled with a word on the alphabet of the nonnegative integers. The
root is labeled €. We iteratively label the vertices of T' by labeling the children of a vertex u as ui,
for 1 < < |Children(u)|. See Figure 1 for an example of this labeling.

For each edge (Parent(v),v) in T', we need to determine x,, the number of times we will subdivide
this edge when constructing 77. We first describe the strategy implemented by the cop player, as

the choice of x, is determined by this strategy. Let P, = (vo = Parent(v),v1,v2,..., 05,41 = v)
denote the path of length x, + 1 in 77 between Parent(v) and v, and also denote by P, the subpath
of P, with the first k + 1 vertices removed, i.e. P, = (Vp11,Vk12,- -+, Vpy+1)-

To define each z,, it is necessary to know the number of rounds required for the strategy to clear
the descendant subtree of any given vertex. For any vertex w in 7T, let ¢, be the number of rounds
needed to ensure the robber is not on the subtree Desc(u) under the assumptions

(1) before the first round, P, does not contain the robber;

(2) the robber does not move from a vertex outside of Desc(u)U P, onto a vertex in Desc(u)UP),
during these ¢, rounds; and

(3) if the robber moves from a vertex in Desc(u) to a vertex outside of Desc(u), then the cop
will capture the robber by the end of the ¢, rounds.

The strategy on T is defined recursively as follows. Let u be some vertex of T' such that the
robber is known to be on some vertex in Desc(u). For each 4, starting with ¢ = |Children(u)| and
decreasing i by one until ¢ = 1, the cop plays to ensure that the edges along the path P,; = (ug =
U, UL, UD, . . ., Uy, +1 = ui) are clear while ensuring that the robber cannot move from an uncleared
path onto u without being captured. To do this, in round 1 of this procedure, the cop probes
u = ug, ensuring that the robber is at distance at least £+ 1 from u before their move and distance
at least k from u after their move. Over the next 2k + 1 rounds, the robber may move from their
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current position to u and then distance k along any path from w, including a path the cop has
already cleared, but no further. We describe how the cop uses these 2k + 1 rounds to begin clearing
P,.

For 2 <7 <2k + 1, on round 7 the cop probes the vertex u(y,_z) of path Py; if 7k < xy; + 1,
and probes ui otherwise. In the former case, because the cop probes uo,; on round 7+ 1, which

is within distance k from the vertices wor_1)g, .-+, U2r41)k, the robber can only be on a vertex u;
after moving in round 7 if j > (27 — 1)k. If the cop probes vertex ui, it is because ui is within
distance k from all vertices u(z,_1)g,- ., us, so the robber cannot be on any vertex of P;. Thus

after these 2k + 1 rounds, if the robber is on P,;, they must either be on a vertex between uy2
and wi, inclusive, or have moved from an uncleared vertex through u to one of the first k vertices
of P,;, as previously mentioned.

We now repeat the procedure, starting with the cop probing vertex w in round (2k + 1) + 1,
ensuring the robber is not within distance k of u, including along a cleared path. In round (2k+1)+7
with 2 < 7 < 2k +1, the cop probes the vertex uyy2(2r_1); of path Py; if 4%+ (21 — 1Dk < 24 +1,
and probes ui otherwise. We continue repeating this procedure, with the cop probing either vertex

U(4k24k)a—k OF ui at the end of repetition a of the procedure, at which point (2k + 1)« rounds have

taken place. The first repetition where ui will be probed is when o = (’”Z}:ﬁikl, and so we consider

P,; cleared after these y,; = (2k+1) [zzggf,g’ﬂ < 57 rounds, although we note that those vertices
of distance at most k from u may contain the robber at this point. These vertices of distance at
most k from u will be cleared during the next cop move, unless they are already clear.

12/C{6\0
6 0

e

126 0

f O d ©

OOO©</

Q

0

A
6 0
g v

FIGURE 2. The tree from Figure 1 with labels representing the number of subdivi-
sions for a k = 2 strategy.

This process is repeated for each i, from ¢ = |Children(u)| until ¢ = 1, at which point all the
paths P,; have been cleared, noting that this cop strategy does allow the robber to enter a path
P,; through the vertex ui after this path had been cleared. Define z,0 = 1, and

Tui = (Z ym/> + max{t; },

i<
noting that this value is well defined since x,; is defined for i’ < i, since y,; is defined once
is defined, and since the t,; are defined inductively. Notice that after we have cleared path Py;
in the above procedure, there will be a further ), _; 4, rounds until all the paths P,; have been
cleared, and so the robber may have moved along P,; from ui to be at the vertex of distance
Tui — Y e Yuir = MaXy<;lyy from u, but no closer. Thus, after all of these paths have been
cleared, in the next ¢,; rounds, we may clear the subtree Desc(uj), where j is the smallest index

such that the robber may still be in Desc(uj). At this point, the robber may have moved close to
14



the root but has had only just enough time to reach it. We then repeat this procedure from the
start, again clearing the paths P,; for all ¢, and then clearing the next subtree Desc(u(j + 1)), until
all subtrees have been cleared. Since the robber only has enough time to reach u before we restart,
the robber cannot move between two subtrees, ensuring that the tree will be cleared by the end of
this procedure. The robber will be captured using this procedure if they started in Desc(u). Define
t,, to be the length of time it took to run this procedure.

In this iterative approach, starting with u as the root vertex, each edge (v,vi) of the graph has
its parameter x,; explicitly defined. The tree 7" with edge (v,vi) subdivided z,; times requires
exactly one cop to win, and so the proof is complete. [l

As an immediate implication of Lemma 2 and Theorem 16, it is possible to subdivide any tree
to achieve (;(T) < 2, but when is it possible for (x(7T") to be 17 If we consider the structure of a
tree in which every edge has been subdivided a large number of times, then we can see that locally
the tree will resemble a spider graph, a tree with exactly one vertex of degree larger than two. This
will prove advantageous for the cop since the k-visibility localization number of a spider graph is 1
for any k£ > 2, as we will see in Lemma 18.

Lemma 18. If S is a spider graph and k > 2, then (;(S) = 1.

Proof. Let ¢ be the unique vertex of S of degree larger than two and mark all branches as “un-
cleared.” To locate the robber using one probe per round, the cop player alternates between two
strategies.

In Strategy A, the cop selects a leaf £ of an uncleared branch and probes it. If the probe returns
a non-* distance d < d(¢, ¢), then cop locates the robber at the unique vertex at distance d from ¢.
Otherwise, the cop now alternates probing ¢ and the vertex along the path from £ to ¢ at distance
k — 1 closer to ¢ than the previous probed vertex along this path. As before, if probing a vertex
along the path yields a non-* distance at most the distance to ¢, the robber is located. If the cop
player reaches the vertex on the branch within distance k — 1 from ¢ without ever receiving a non-x
distance, they mark this branch as “cleared” because the robber could not have been located on
this branch. The cop then selects a new uncleared branch and repeats the process.

If the cop receives a non-* probe after probing ¢, they move to Strategy B, described below. If
they probe a vertex v within distance k — 1 of ¢ and receive a distance larger than d(v, ¢), the cop
marks the branch as cleared, then probes ¢ and is guaranteed to receive a non-* distance, at which
point they switch to Strategy B.

In Strategy B, we assume the cop has just probed c¢ and received a distance d. Each branch of
length less than d is marked “cleared” as the robber cannot be on such a branch. The cop selects
an uncleared branch and probes the vertex at distance d+ 1 along that branch. If the probe returns
a distance of 0 or 2, the robber has been located. Otherwise, that branch is cleared, and the cop
now probes c. If the probe at ¢ returns a non-x distance, the cop repeats this process; otherwise,
they return to Strategy A.

Each strategy either locates the robber or clears a branch after a finite number of rounds. Because
the robber cannot occupy a branch when it is cleared and S has a finite number of branches, to
prove this strategy locates the robber it suffices to show the robber cannot move from an uncleared
branch to a cleared branch without being captured. Note that in both strategies, the cop probes ¢
every other round. To move from an uncleared branch to a cleared branch, the robber must pass
through c. If the robber occupies ¢ on the round the cop probes it, they will be captured. Thus,
the robber must be adjacent to ¢ when it is probed. As k > 2, this causes the probe to return a
distance of 1, so the cop will implement Strategy B. If the robber now moves to ¢, the cop will
probe a vertex at distance 2 < k from ¢, receive a distance of 2, and locate the robber at c.

We conclude that the robber cannot move from an uncleared branch to a cleared branch; thus,
each branch will eventually be cleared and the robber located. ([l
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Now consider what happens if, before we subdivide to reduce the k-proximity number to 1,
we subdivide the tree so that all vertices of degree greater than 2 are very far apart. The tree
is now locally a spider, and if the tree’s edges have been subdivided sufficiently many times, the
robber cannot escape to another high-degree vertex before the cop locates them. This is exactly
the strategy described below in the proof of Theorem 17.

Proof of Theorem 17. Take every edge of T and subdivide it NTk—i—k—i—l times, where N is the smallest

value such that Hy (the N th harmonic number) is at least %(T). Next, apply the subdivision

described in Theorem 16 to obtain 7”. The tree T" now satisfies prox,(7”) = 1, and the vertices of
degree greater than 2 in T are all sufficiently far apart for our purposes. When the cop wins the
proximity game and sees the robber, we assume the cop is on a high degree vertex (degree greater
than 2) or the cop is not on a high degree vertex but the distance from the cop to the robber is
greater than the distance from the cop to the nearest high degree vertex. We do this since if the
cop sees the robber far from a high-degree vertex, then the strategy plays out similarly. Now the
cop uses the fact that this is locally a spider graph and applies the strategy from Lemma 18, but
rather than using the leaf of the branch, the cop uses the furthest vertex the robber could have
reached if they were on this branch when the first probe returned a non-* distance. If the robber
cannot evade for more than % + 1 rounds after being seen, then the cop can use this strategy to
eventually capture the robber.

We now show that the robber cannot evade for more than % + 1 rounds once the cop has won
the proximity game. First, consider how long it will take to clear the first branch. Since the robber
could have initially been on only one vertex on the branch, there are now three possible locations,
and since k > 2 the cop can clear this in one move. For the first % branches, the cop will be able
to do this, and if we account for the fact that every other round the cop will probe the high-degree
vertex, we can see that this will take at most two rounds per branch or % rounds total. At this
point, the “contamination” extends for k + 1 steps on each branch, and it will now take two rounds
to clear each branch; once we include the rounds in which the cop probes the high-degree vertex,
this becomes at most four rounds. We can find that % branches can be cleared like this before it
takes more moves, then the contamination will stretch across a length of 2k + 1 on each branch
while the cop clears the next % branches in six rounds each, and so on. Continuing this pattern,
we can see that to clear all the branches in time, it must be that % Zfi 1 % > A(T), which implies
that we need Hy > %(T). Thus, the furthest that the robber could have moved is NTIC + 1, which
gives the desired result. 0

Since any graph can be subdivided enough to make a graph that is locally a spider, we can apply
the concept from Theorem 17 any time there is a class of graphs which is closed under subdivisions
and where it is possible to subdivide enough to reduce k-proximity number to 1. This notion is
formalized in Corollary 19.

Corollary 19. For any family of graphs F that is closed under subdivisions, if for all G € F there
is an integer k > 1 such that there exists a subdivision G' of G with prox,(G’) = 1, then there exists
a graph G" € F which is also a subdivision of G such that ((G") = 1.

As an example, the class of cycle graphs {C},},,>3 is closed under subdivisions, and every cycle
C' can be subdivided in a way that reduces prox,(C') to 1. Therefore, by Corollary 19 it is possible
to subdivide any cycle C' in a way that reduces (2(C) to 1.
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5. FUTURE DIRECTIONS

As mentioned, in a forthcoming paper, we analyze the k-visibility localization number of Carte-
sian grids. A key result of that work is demonstrating that for distinct ¢ and j, there exist graphs
G such that (;(G) # ((G).

While we proved that for any tree T and any k > 2, there is a subdivision 7" of T' satisfying
Cx(T) = 1, it remains an open question whether the same holds for general graphs. Further, we
do not know how to characterize the k-visibility localization number for trees. A recent paper [8]
considered the localization numbers of locally finite graphs, which are countable graphs in which
each vertex has finite degree. A direction for future research is to consider the {; numbers of locally
finite trees and graphs.
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