restart .

Digits == 32 :

k= 1100 :

# phase 1

systemde[ 1] := diff (x(¢),t) =2-(1 —x(¢) + b(¢)), diff (b(t),t) =x(t) —4-b(1) :
ic[1]:==x(0)=0,b(0)=0:

dsol[1] := dsolve( {systemde[1], ic[1]}, numeric, range =0 ..1, output = listprocedure) :

xsol[ 1] := eval(x(t), dsol[1]) :
bsol[1] := eval(b(t), dsol[1]) :
final[1] := fsolve(1 — xsol[1](t) — bsol[1](¢),t,0..1, maxsols = 1, fulldigits )

final, = 0.73679318527482400390414074040212 1)

plot({xsol[1](t), bsol[1](t), 1 - xsol[1](t) — bsol[1](¢)},t=0.final[1])
I
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0.4 1

0.2 1

for i from 2 to k do
# phase i

systemde[i] := diff (x(), 1) =2+ (1 — x(2) + r(1) + b(2)), diff (b(2), 1) = (x(1) — 2:7(t) — 3:b(t) )i

b(t)-(i—
— b(e), diff (r(1), 1) = (x(1) = b(1)) (i = 1) — EUEZI gy
ic[i] == x(final[i — ]) =xsol[i — 1](final[i — 1]), r(final[i — 1]) = bsol[i — 1]( final[i — 1]),
b(final[i—1]) =

# print(ic[i]) :
dsol[i] == dsolve({systemde[i], ic[i]}, numeric, range = final[i — 1]..1.22, output = listprocedure) :

xsol[i] == eval(x(t), dsol[i]) :
bsol[i] == eval( (2), dsol[1]) :
rsol[i] = eval(r(t), dsol[i]) :

final[i] : fsolve(rsol[ '(¢), t, final[i — 1]..1.22, maxsols = 1, fulldigits) :
ifi < 11 orirem(i, 100) = 0 then print(i, final[i], xsol[i]( final[i])) end if:
# print(plot({bsol[i](t), rsol[i] ()}, t=final[i — 1]..final[i]))

end do:

2, 0.89527964262941987865651589156679,



0.9260472454424822811916599425181957650053759406641276485482934266399718

3,0.97168830125107456486642777316450,
0.9562172063670497716494602207849315805696933113712783191681695654517996

4,1.0172325198289330469659901171379,
0.9707981968075970769809860825384176909913420711978704596442972595543377

5, 1.0476294412908306463734302319526,
0.9790419861597916352591664803477868603749148391707184123103264306030629

6, 1.0694177302611431647428413410021,
0.9841862102010352844784270087096174201734432329680922708602201424898959

7, 1.0858273059969177193257004667583,
0.9876236311932455166301186765471931354706213705956235081686831389886249

8, 1.0986443020874491405344119590509,
0.9900395300882709819210486788355496265940973756999363773181517355678503

9, 1.1089393302032507181481059287847,
0.9918048725686750754767667034109762874597426894507616107904780424396613

10, 1.1173942771507191223899744473638,
0.9931354294628557235182048618576540647082634329567726208399403356435294

100, 1.1947203439332520454361086274483,
0.9999046283087728894874375627998275969340192575217596814797088851172293

200, 1.1995972154468572245839636842207,
0.9999755987375174179727852981006833780515570689744415989912730347242320

300, 1.2012405074752444294336860090587,
0.9999890685519212363024618019916741198103581296297433846398459855028960

400, 1.2020655767168973424969935342412,
0.9999938263043862912626845588323928752304317862397056896535889572505982

500, 1.2025617298358429250177989286978,
0.9999960392312982235905559550279769722225706033490790071885350927498112

600, 1.2028929657647597385830299848431,
0.9999972449906962319058080604871215602212991606021274063067921262510759

700, 1.2031297930172877958788845255056,
0.9999979735519322874046587569042838560124538545814076716373889386819299

800, 1.2033075398580839700651313701627,
0.9999984471410615251186269367512024880708965646199119235347563623440050

900, 1.2034458625468511251128470204646,
0.9999987722119204686468711351619840949107237085673013803273488884516441

1000, 1.2035565681603337210623968508038,



0.9999990049475834344291871709788877281089063988926201467517514331311205
1100, 1.2036471769254810651685426329510,

2
0.9999991772740867198462276342224936561421358554028291678383496078977800
# Regular precision: 1100,1.203648390,0.999999180961683

# We get that after 1.20365n rounds there are less than 1 0%n unsaturated vertices

# Original upper bound (with only red vertices)
restart .

Digits == 32 :

systemde = diff (x(t),t) =2(1 —x(¢) +z(¢)), diff (z(¢), 1) =—12;Z+()t)'(1 —x(t) +z(t)) —z(¢)
+x(t) —2-z(1) :
ic:=x(0)=0,z(0)=0:

dsol := dsolve( {systemde, ic}, numeric, range = 0 ..1.3, output = listprocedure) :

Warning, cannot evaluate the solution further right of 1.2769439,
maxfun limit exceeded (see 2dsolve,maxfun for details

xsol == eval(x(t), dsol) :

zsol == eval(z(t), dsol) :
fsolve(1- xsol(t) — 10_14, 1,0..1.3, maxsols = 1, fulldigits )

1.2769436230120486100640087554592
plot({xsol(t), zsol(t)},t=0..1.3)
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# Improved upper bound (with red and blue vertices). The same DEs but different initial condition



restart .
Digits == 32 :

systemde := diff (x(t),t) =2(1 —x(¢) +z(¢t)), diff (z(t),t) =- 12_2—)(:()0 (1= x(2) +z(t)) —z(2)
+x(t) —2-z(t) :

ic=x(0)=1-10"°2(0)=0:

dsol := dsolve( {systemde, ic}, numeric, range = 0..0.025, output = listprocedure)

Warning, cannot evaluate the solution further right of
.15714004e-2, maxfun limit exceeded (see 2?dsolve,maxfun for
details)

xsol := eval(x(t), dsol) :
zsol := eval(z(t), dsol) :
fsolve(1- xsol(t) — 107", 4,0..0.025, maxsols = 1, fulldigits )

0.0015703557663126582398910476302483 “@
plot({xsol(t) — 1, zsol(¢t)},t=0..0.025)

|

0.0004 1

0.0003 4

0.0002

0.0001

0

0 0.005 0.010

# we get the upper bound of
1.20365 + 0.00158 + 0.00001

0.015 0.020 0.025

t

1.20524 5)



