3.6

Special Matrices
P. Danziger

1 Triangular Matrices

Definition 1 Giwen an n x n matriz A

o A is called upper triangular if all entries below the main diagonal are 0.

o A is called lower triangular if all entries above the main diagonal are 0.

o A is called diagonal if only the diagonal entries are non-zero.
If D is a diagonal matrix with diagonal entries dy, ds, . .. d,, we may write it as diag(d;, ds, ..., d,)

Example 2

1. Upper Triangular

1 3 5 7 13 79
0) 09 6 4 b) 00 25
00 78 009 6
0001 0000
2. Lower Triangular
1000 1000
a) 2300 b) 70 00
59 20 5 0 0 0
7 6 4 8 7 6 4 8
3. Diagonal
10 00 10 00
0300 . 0000 .
a) 00 2 0 = diag(1, 3,2, 8) b) 0000 = diag(1,0,0,5)
00 0 8 000 5

4. I, = diag(1,1,...,1), where there are n 1’s.

Notes:
1. A matrix in REF is upper triangular.

2. The transpose of an upper triangular matrix is lower triangular and visa versa.
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3. The product of two Upper triangular matricies is upper triangular.
4. The product of two Lower triangular matricies is Lower triangular.
5. The product of two Diagonal matricies is Diagonal.

6. The transpose of a Diagonal matrix is Diagonal.
Theorem 3 A diagonal, upper or lower triangular matrixz is invertable if and only if its diagonal
entries are all non-zero.
2 Diagonal Matrices

Theorem 4 Given two diagonal matricies D = diag(dy, ..., d,) and E = diag(ey, ..., e,):
1. DE = diag(dieq,dzes . .., dye,)

2. For any positive integer k,
D" = diag (d},d5 ... .d}) .

3. D s invertable if and only if all the diagonal entries are non-zero and

1 1
D' =di — o, .

4. D+ E = diag(dy + e1,ds +e3...,d, + €,)

5. Diagonal matrices are both upper and lower triangular. Further, any matriz which is both
upper and lower triangular is diagonal.

3 Symmetric Matrices

Definition 5 An n x n matriz A is called symmetric if it is equal to its transpose, i. e. A = AT.

It is called antisymmetric if it is equal to the negative of its transpose, i. e. A = —AT.

Note that any diagonal matrix is symmetric.

Example 6
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2. A mileage chart shows the distance between cities. Such a chaart is symmetric since the
distance between city A and city B is the same as the distance from city B to City A.

N
Southern Ontario 5 7 -
= = T =
wecercranonion (¢8|, ¢ (51151 (BISN N\Blalolgl Ilillel |
1 KM = 0.6 Miles !EEEgsgfg‘gﬁgis‘_EEE'EguEEEE
§13(218|818(5]2|8|2(218[8]8(8|8|8|a|8]a)als)2]%
Brantford 0 [234] 70]14a] 155] 142] 30| 30 { 21 | 112|130] 70| 116]186|262| 53| 11e] 161|200 106] 112]300] 65 |27
Collingwood 23] 0 | nofzaz] 17sjazofzan] 0] 2io] ee)aaa] ee| 76| 58 |arr|ava aaa] 0| 107 24a] 3aa] 170] 14a] 4ed
Elora Fo{11o] 0 fasajiaafq4a] 76| 20 [ 136] 177] 163] 04 [ 42 | 121]303] r1a] 164 2aa] 128] 134] 151]aza] 114f 3]
Fort Erle teglzezfaoa| O |zezjaie] 05| 1e6) 237] 22| 85 | 18] 3| 30| anz| 17| 264|336 300] 43 | 2sa) 08| 153f 419
Godarich I E e E N EE R R EE E EEEEE
Grand Band 1da|z2a| 4a|336| 48| o [1a6] 05| 60 | 371|296 236] 1az] 196| 246| tea| 99| 67 138]274] o6 | 267 203] 218
Hamiltan 33 |z00) 78| 95 | 172f180] o | 64| 126] 63| 75| 36| 98| 178|208| 50 | 165{185|200] 53] 140)=94] 53 | 314
Kitchaner-Waterloo 39 | 140 30 |1aa| 115§105] 64| o | 91| 123] 14s] 8| 77| 24|283] a4 |130{161] 153] 122] 125] =53] o8 | 264
London o1 [a10 138} 2a7| o1 | 60| 126] 91| o [roafaie]157] e 214 162 soof 20 91| e8] 145] 20 ]an0] 17s] 103
MNiagara Falls 112]z56)177| 32 |2as{371] 63| 123 193] O | 28| 02| 164|242 377| 08| 224|255 274] 17 | 224)357| 133] 263
Miagara-on-tha-Lake 120] 262) 153] 55 |25af2aa| 75| 14n| 216) 28| O | oF | 172|284 362| 128{24a] 316 260] 23] z31]aa7] 132] 253
Ciakville 70 ao) 04 | najof2ac] s6 | 86| 67| a2 | a7 | 0 | 78 ]101)323] 00| 163{2s5] 208] T ] 17 1]we]| 40 {339
Drangevills 116] 75 42 | 193|140 1e2f 08| 77| w6e{1a1] 72| vo| 0 |w01]aa1] 161|207 28] 154] 150] 1e9f20s] 74 | 361
Creen Sound 1860 58 | 1] 305 1230 196]179] 144 214| 2ad|dae] @1 101] 0 [361)240) 2v4] 28] 53 | 2e3) 2va] 16| 200424
Palrit Pales 262| 477] 303| 402} 279] 245] 298] 263] 1a2] 377| 3a2{ 123f 341381 [ |301] 172]167] 342] 3eq] 177 5as] 361 74
Pari Davar 53 |273] 114] 17| 207 185] 60| B4 | 108] 108] 128 108] 161] 240(301] 0 | 98 |23a]242] 106] B3 ]541] 153f 311
Port Staniey 116 334 184} 284 130] 5a | 165] 130] 59 |224f 4] 1aaf 207|274 172 98 | 0 [127]|244]222] 15 ]3a7|220] 104
Samia 161] eoal 239 33a] 116] &7 | 196] 161] 91 | 258f316{255] 256] 238] 167 | 234] 127] O |214]284]115]33a] 253] 104
Fort Elgin 200)107] 125 300] B8 | 136)200| 153 1a6) 274|200 206] 151] 53 | 142 242| 24| 214] O |2568{z32) 122 238] 514
St Catharines 1A 240) 131] 43 |zasdar4] 53 | 122 145 17| 23| 76| 250|253 (a60| 106| 222|204 253] 0 |20fsss] 111]371
St. Thomas 11| sas) 151) 52| 126] 06 | 146] 125] 20 |zeefaai| 1| wae|arz| 1v7| 93 | 15 | nslasala0] o Jarefaa] 18]
Tobermory S0R) 17 0] aa) 408) FI0) 207 | ] 253) LA0[I6T)IAT] 204 206 106 | S35| 349|367 | 325) 122 661 3TG) O | 205) 439
Torsnin 85 | 18| 11a] 1531 28] 03] B3 | 86 [ 176) 133) 137 40 | T4 |203| 361) 163] 220{203] 230] 111 | 20afEws] 0§37
WWiridsor 277| 48a] 7] 41530 1|2 16]z1a|2aa] 193] 382f 39 23a] 361 [ana] 74 [311] 162] o8] 31a]a7 | 1e7]ens]ami] o

Theorem 7 Given symmetric n X n matrices A and B then:
1. AT is symmetric.
2. A+ B and A — B are symmetric.

3. For any scalar k kA is symmetric.
AT is symmetric since (AT)T = A, for any matrix A.

Example 8
1.

1 1+0 2+1 4+1
2 =1 2+1 241 5+1 | =
3 4+1 5+2 3+3
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2.
011 2-0 2-1 2-1 0 2 2
211 2 2 |=(212-22-2]|=|2414
1 2 3 2-1 2-2 2.3 2 46

Theorem 9 If A is an invertable symmetric matrixz then:
1. A7 is symmetric;
2. AAT and AT A are also invertable.

Note that if A is symmetric then AAT = A% so (AAT)™1 = A2 = (A71)?

Example 10
1 21
Let A= 2 5 3
1 3 3
1.
6 -3 1
Alt=1[ -3 2 -1 | (Exercise)
1 -1 1
Which is also symmetric.
2.
6 15 10
AAT = A*=| 15 38 26
10 26 19
6 —3 1\~ 46 —25 10
(AAY =AY = -3 2 -1 ] = -25 14 -6
1 -1 1 10 —6 3
6 15 10 46 —25 10
15 38 26 -25 14 -6 | =1
10 26 19 10 -6 3
1 21
Note: Not all symmetric matrices are invertible. For example | 2 5 3 | is not invertible.
1 3 2
1 21 1 21 Ry — Ry — 2R,
253 |~1011 P R._R
13 2 011 K s



