3.6 Special Matrices P. Danziger

Triangular Matrices

Definition 1 Given an n x n matrix A

e A is called upper triangular if all entries below
the main diagonal are 0.

e A s called lower triangular if all entries above
the main diagonal are 0.

e A is called diagonal if only the diagonal entries
are non-zero.

If D is a diagonal matrix with diagonal entries
di,ds,...dn, we may write it as diag(dy,do,...,dn)
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Example 2
1. Upper Triangular

1 3 5 7 1 3 7 9
o) O 9 6 4 b) O 0 2 5
O O 7 8 O 0 96
O 001 O 00O
2. Lower Triangular
1 0 0O 1 00O
o) 2 300 b) 7 00O
5 9 20 5 0 00
7 6 48 7 6 4 8
3. Diagonal
1000\
O 3 00| .
a) 002 0 = diag(1,3,2,8)
0 00 8)
1000\
O 00O .
b) 0000 = diag(1,0,0,5)
000 5)

4. I, =diag(1,1,...,1), where there are n 1's.
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Notes:

1.

2.

A matrix in REF is upper triangular.

The transpose of an upper triangular matrix is
lower triangular and visa versa.

. T he product of two Upper triangular matricies

IS upper triangular.

. T he product of two Lower triangular matricies

is Lower triangular.

. The product of two Diagonal matricies is Di-

agonal.

. The transpose of a Diagonal matrix is Diago-

nal.

Theorem 3 A diagonal, upper or lower triangu-
lar matrix is invertable if and only if its diagonal
entries are all hon-zero.
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Diagonal Matrices

Theorem 4 Given two diagonal matricies D
diag(dy,...,dn) and E = diag(eq,...,en):

1. DE = diag(dlel, does ..., dn€n>

2. For any positive integer k,

Dkzdiag(d’f,d’g...,dﬁ).

3. D is invertable if and only if all the diagonal
entries are non-zero and

1 1
D! =diag|—,...,—].

4. D+ E = diag(d1 +e1,d>+es...,dn+ en)

5. Diagonal matrices are both upper and lower
triangular. Further, any matrix which is both
upper and lower triangular is diagonal.

4
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Symmetric Matrices

Definition 5 Annxn matrix A is called symmetric
if it is equal to its transpose, i. e. A = Al It is
called antisymmetric if it is equal to the negative
of its transpose, i. e. A = — AT’

Note that any diagonal matrix is symmetric.

Example 6

1.

AN R
OONDN
w o1 &
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2. A mileage chart shows the distance between

cities.

Such a chaart is symmetric since the

distance between city A and city B is the same
as the distance from city B to City A.

z 3
Southern Ontfario 5 7 -
b= E = Ty
DiaamesﬂhaﬂtlnHM;E% .uﬁiﬁécﬁiﬁjﬁf%%%ﬁ E‘EEE "
™ ) =
P HE R EHE L EHE R EHEE EE R
Elsl2lB|318 2|2 5|2\ 2|E(512|5|8 3 |a18]zlz2]512
Brantford O |234] 70 | 149) 1550 142) 30| 38| 91 [112)130] 70| 116} 166|262 53 |118] 165 200] 106] 112] 3021 95 | 277
El:hllingwnud 2340 O | 1nofza2] 1 Talaa0)200] 140f 20| 256) 6] 166 T | B8 |aTT| 273|336 400] 107 2404 324] 170 145] 405
Elora o] O pai2a) 149 76| 30| 136 177 153] G4 | 42 w2303 vl 16 230 125] 139] 150 Z34] 1145 317
Farl Efte gl ze2120a] O |za2]36) OF | 166] 237 32 | 55 | 118) 193305 02| 197 | 264 335 300 | 43 | 2524 0a] 1530 413
Zadanch 1eslrsy12af2a2y O | S8 172115 91 |23 2sf 20| 140 423|275 207 130 116 B9 {234 126 239 2948 201
Grand Bend 144 2200 1490 396) 49 | O |136] 105} &0 | 271} 296| 236| 162] 196| 24| 62| 95| &7 | 133|274) OF | 257 | 200] 215
;;ﬂilhn J9i200) TR OS (172§188) O | 64| 126 83| 75| 30| S8 | 17E|20B| &0 | 1B5] 128 200] 53 [ 148) 224 B3 | 319
Kilchener-VWalerlog 39 | 140) 30 1168 1155105 64| O | 91 | 125 145 BE | 77 [ 144|263 34| 130 168 153] 122] 125] 2531 0F | 263
Landan - o1 |310] 1388237 B4 | 6O 126) B1 | © | 193)216] 57| 166 214] 162) 0] 33| 91 [ 168] 145] 29 |30 175] 153
Niﬂgﬂm Falls 1i2lzsa]177) 32 | 235 371) 63 | 123) 193| O | 2B | G2 | 161|242 377| 100| 224| 253 274] 17| 224] 257] 133] 263
NhEEr.i-Dn-ﬂ'H_LLa‘ke 120] 263] 153) 55 | Zhaj206] TS| 145) 216) 28| O | OF ) 172] 284 352| 128] 23] 316] 260] 23| 231|387 132) 303
Diakville Folsal a4l majalzac) 36| BB | 15T Q21 87| O | 70109323 w08 1834 255 208] FEl 171 204 40 | 333
D!'Erlgﬂﬂﬁliu 196] 75 42 | 193014001828 B8 | TT | 1wms] 161 av] R 0 | 109387 161|207 255 151] 150] 189 28s] T4 261
Owven Sound 1861 58 | 12 1) 305] 1231 186 1?5! V44| 214 242284191 10| O |36 20274 238 53 25-3|2?2 AREH Foie | ERE
F"E-I|I11 F'l.'.'-h'.'# 2E2\ 47T 303§ 402) 2795 248 EBi?ﬁB 182| 37T} 382 323 341|361 O (307172167342 3&:][1'.‘.- BI5{ 361] 74
Part Davar 53273l 114] 117|207 182 60| B4 | 108 108] 128] 100] 161] 240l 301] o | @8 |23a]242] 106] B3 ]sa1] 153314
Port Sianley 1183 338] 164) 284) 1304 RO § 1685] 130] 30 | 224} 243 183} 207|274 172 98| O | 127 244|222 15 | 387] 220 10
Samia 16 1| w0al239) 336 116] &7 | 196] 161| @1 | 258} 316255} 256} 238| 167| 234|127 O |214] 204} 115]335] 23] 104
Part E@I‘I 2000167) 125) 300} B8 § 136] 200] 153| 186| 274| 280f 206} 151] 53 |142| 242) 24| 214 O 25823z 1z2{zma] 514
St Catharines 1EA 24 131) 43 [Z3a 274 53 | 122] 145] 17| 23| 76| 1o 262|360 106 222 204 258) O 210035 111 13T
St Thomas ez zes 151252 1261 06 | 146) 125 29 |224f231| 171 1ma2r2l 17T @3 | 1511 22 210) O |3vsi208] 187
Tobermorny 30 70) 2241 408) T30} 207 o] G2 230| AETIIAT] 204 205] 106 | S35 341|367 | 338) 1 22| 366 376 O | 20504290
Taranin 85 | 145 114/ 153|I14|'.!€I:1 B3} 86 [ 1778133 132) 40| TA[203| 367( 183] 220{ 203) 230] 111 | 208 295| [V TR
Vs o 27 -i-EE|:31? 4=3|:I-:I1|2'IE J10|3A4) 193] 38253 133 361 434] T4 | 311 182] 1Da 31!13?'- 187 43‘3-'3?1 0
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Theorem 7 Given symmetric nxn matrices A and
B then:

1. AT is symmetric.
2. A4+ B and A — B are symmetric.

3. For any scalar k kA is symmetric.

T
AT is symmetric since (AT) —= A, for any matrix
A.

Example 8
1.
1 2 4 O 1 1 1+40 241 441
2 251411 2 2|=|24+1 241 5+41
4 5 3 1 2 3 441 542 343
2.
O 1 1 2.-0 21 2-1 0O 2 2
211 2 2 | =121 2.2 2.2 |=]12 4 4
1 2 3 2.1 2.2 2.3 2 4 6
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Theorem 9 If A is an invertable symmetric matrix
then:

1. A~ 1 js symmetric;

2. AAT and AT A are also invertable.

Note that if A is symmetric then AAT = A2 so
(AAT)—l — A—2 — (A—l)Q

Example 10
1 2 1
let A=| 2 5 3
1 3 3
1.
6 -3 1
Al=| -3 2 —1 | (Exercise)
1 -1 1

Which is also symmetric.
3
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2.

6 15 10

AAT = A2 =] 15 38 26

10 26 19
6 -3 1 \° 46 —25 10
(AANY1=UAaDH2=| -3 2 -1 | =| -25 14 -6
1 -1 1 10 -6 3

6 15 10 46 —25 10

15 38 26 25 14 —6 | =1
10 26 19 10 -6 3

Note: Not all symmetric matrices are invertible.

Ry — R — 2R,

1 21
For example | 2 3 IS not invertible.
1 2
2
1
1 R3 — R3 — Ry

=N =
w o N
N W



