2.2 Homogeneous Equations P. Danziger

Theorem 1 Given a system of m equations in n
unknowns, let B be the m x (n + 1) augmented
matrix. Recall r is the number of leading ones in
the REF of B, also the number of parameters in
a solution isn —r.

e If r = n, there is a unique solution (no param-
eters in the solution).

o Ifr >n (sor =n-+ 1) the system is inconsis-
tent (no solution).

o If r < n, either the system is inconsistent (no
solution) or an n — r-parameter solution.

— In this case, the difference is determined
only by the values of the constants (the b;).
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Homogeneous Systems

Given a system of m equations in n unknowns

a11x1 +ajoxo+ ... +ayjp,xn = b1
az121 + axpx + ... +agpTn = by
am1T1 + amoxo + ... + amnrn = bm

If all of the constant terms are zero, i.e. b; = 0O
for:=1,...m the corresponding system of equa-
tions is called a homogeneous system system of
equations.

Example 2

x1 + 2x0 — 3x3 + x4
r2 + x3 — 324
xr1 + xo» + x3 + x4

|
cNele
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A homogeneous system of equations always has
the solution

r1 =x0=...=x, =0

This is called the Trivial Solution.

Since a homogeneous system always has a solution
(the trivial solution), it can never be inconsistent.

Thus a homogeneous system of equations always
either has a unique solution or an infinite number
of solutions.

Theorem 3 Ifn > m then a homogeneous system
of equations has infinitely many solutions.
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Example 4

1.

1 + x2 + x3
r1 + 20 + x3
x1 + x> + 2x3

1 1 1|0
1 2 1/0 ZQ:
11 2|0 3
1 1 1|0
O 1 10
O O 1|0
Write back:
1 + x2 + 3
ro + x3
x3

So the trivial solution (zq, x>,
the only solution.

[
©o0Oo

Ry — Ry
R3 — Rj

O
0
O

z3) = (0,0,0) is
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2.
x17 + x> + xz3 = 0
ry + 2z + z3 = 0
2r1 + 3z + 2x3 = O
L 110N » | R R
L2 19 py — R;-2R
2 3 2|0 3 3 1
1 1 1,0
01 1|0 R3 — R3— R>
O 1 1|0
1 1 1|0
O 1 1|0
O O 0|0
Write back:
xr1 + o + x3 = O
xo + x3 = 0
O = 0

Which has the 1-parameter solution:
Lett e R, x3=1t, xo = —t, x1 = 0.
Or (.5131,2172,333) — (07 _tat)



