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Abstract and rigorous analysis of models simulating these proper-

) ) . ties. Graph models were successful in simulating prop-
We study the' link structure of on-line social networks grties of other complex networks like the web graph (see
(OSNs), and introduce a new model for such networksne hooks [4, 7] for surveys of such models), and itis thus
which may help infer their hidden underlying reality. natyral to propose models for OSNs. Few rigorous mod-
In the geo-protean (GEO-P) model for OSNs nodes argys for OSNs have been posed and analyzed, and there
identified with points in Euclidean space, and edges ar¢s g yniversal consensus of which properties such mod-
stochastically generated by a mixture of the relative dis+|s should simulate. Notable recent models are those of
tance of nodes and a ranking function. With high prob-k ;mar et al. [16], which focused on simulating the com-

ability, the GEO-P model generates graphs satisfying)onent structure of OSNs, and the ILT model [5] based
many observed properties of OSNs, such as power layp, transitivity properties of social networks.

c_iegree distributions, the small world propgrty, den§|f|ca— Researchers are now in the enviable position of ob-
tion power law, and bad spectral expansion. We intro-,

) . erving how OSNs evolve over time, and as such, net-
duce the dimension of an OSN based on our model, ana/

ine thi . | OSN d Wi ork analysis and models of OSNs typically incorpo-
examine this new parameter using actua ata. Wesie time as a parameter. While by no means exhaustive,

discuss how the dimension parameter of an OSN Ma¥%ome of the main observed properties of OSNSs include
eventually be used as a tool to group users with S|m|lat:[he following

attributes using only the link structure of the network. (i) Large-scale.OSNs are examples of complex net-

works with number nodes (which we write agoften in
1. Introduction the millions; further, some users have disproportionately
' high degrees. For example, each of the nodes of Twitter

On-line social networking sites such as Facebook, F"Ckr’corresponding (o celebrities Ashton Kutcher, Ellen De-

LinkedIn, MySpace, and Twitter are examples of |arge_generes, and Britney Spears have degree over four mil-
scale, complex, real-world networks, with an estimateoj'on__[m]'

total number of users that equals half of all Internet users (1) Small world property. The small world property,

[2]. We may model an OSN by a graph with nodes rep_mtro_duced by Watts and Strogatz [25], is a central no-
resenting users and edges corresponding to friendshiﬁbon in the study of complex networks, and has roots in
links. While OSNs gain increasing popularity among theth® work of the Milgram [21] on short paths of friends
general public, there is a parallel increase in interest ifONNECting strangers in the United States. The small
the cataloguing and modelling of their structure, func-World property demands a low diameter@flog n), and
tion, and evolution. OSNs supply a vast and historically® higher clustering coefficient than found in a binomial

unprecedented record of large-scale human social intef&ndom graph with the same number of nodes and same
actions over time. average degree. Adamic et al. [1] provided an early study

The availability of large-scale social network data hasOf an OSN at Stanford University, and fo_ur'1d that the
1etwork has the small world property. Similar results

led to numerous studies that revealed emergent topologl?
g po'og ere found in [2] which studied Cyworld, MySpace, and

| ties of OSNs. The next chall is the design}’
cal properties o S © nextchaflenge s the desig Orkut, and in [22] which examined data collected from

*Supported by grants from MITACS, NSERC, and West Virginia Flickr, YouTube, Live_JournaI, and Orkut. _ In the Ie_ltt_er
University. study, the average distances and clustering coefficients




of the OSNs were found to be lower and higher, respecer even to identify terrorist cells in OSNSs.

tively, than those of the web graph. Low diameter pf Characterizing users by a set of attributes leads natu-
and high clustering coefficient were reported in the Twit-rally to a vector-based or geometric approach to OSNs.
ter by Java et al. [14] (see also [15]). In geometric graph models, nodes are identified with

(iif) Power law degree distributionsIn a graphG points in a metric space, and edges are introduced by
of ordern, let N, be the number of nodes of degree probabilistic rules that depend on the proximity of the
k. The degree distribution afr follows a power lawif nodes in the space. We envision OSNs as embedded in a
N, is proportional tok—°, for a fixed exponenb > 2. social spacewhose dimensions quantify user traits such
Power laws were observed over a decade ago in sulas interests or geography; for instance, nodes represent-
graphs sampled from the web graph, and are ubiquitousg users from the same city or in the same profession
properties of complex networks (see Chapter 2 of [4]).would likely be closer in social space. A first step in
Kumar, Novak, and Tomkins [16] studied the evolution this direction was given in [19], which introduced a rank-
of Flickr and Yahoo!360, and found that these networksbased geometric model for social networks. Such an ap-
exhibit power-law degree distributions. Golder et al. [11] proach was taken in the SPA geometric model for the
discovered a power law degree distribution in the Faceweb graph; see [3]. In [13] it is shown how a theoret-
book network. Power law degree distributions for bothical analysis of the SPA model leads to a highly accu-
the in- and out-degree distributions were documented imate measure for the estimated spatial distance between
Flickr, YouTube, LiveJournal, and Orkut [22], as well as nodes, based on the number of common neighbours.
in Twitter [14]. The geo-protean model incorporates a geometric view

(iv) Shrinking distancesKumar et al. [16] reported of OSNs, and also exploits ranking to determine the link
that in Flickr and Yahoo!360 the diameter actually de-structure. Higher ranked nodes are more likely to receive
creases over time. Similar results were reported for Cydinks. A formal description of the model is given in Sec-
world in [2]. Well-known models for complex networks tion 2. Results on the model are summarized in Sec-
such as preferential attachment or copying models havéon 3. We present a novel approach to OSNs by assign-
logarithmically growing diameters with time. Various ing them a dimension; see the formula (4). Given certain
models (see [17, 18]) were proposed simulating poweOSN statistics (order, power law exponent, average de-
law degree distributions and decreasing distances. gree, and diameter), we can assign each OSN a dimen-

(v) Bad spectral expansiorsocial networks often or- sion based on our model. In a certain sense, the dimen-
ganize into separate clusters in which the intra-clustesion of an OSN is the least integer such that we can
links are significantly higher than the number of inter- accurately embed the OSN in-dimensional Euclidean
cluster links. In particular, social networks contain com-space. A suggestive (although unproven) interpretation
munities (characteristic of social organization), whereof the dimension is that it equals the least number of at-
tightly knit groups correspond to the clusters [23]. As tributes needed to identify individuals or small sets of
a result, it is reported in [9] that social networks, unlike users. A sketch of proofs of our results are presented in
other complex networks, possess bad spectral expansidsection 4. We conclude with a discussion of our findings,
properties realized by small gaps between the first anénd present an outline of future work.
second eigenvalues of their adjacency matrices.

Our main contributions in the present work are to pro-2, The GEO-P Modée for OSNs
vide a model—the geo-protean (GEO-P) model—which
simulates all five properties above (see Section 3), and téVe now present our model for OSNs, which is based
suggest a reverse engineering approach to OSNs. Given both the notions of embedding the nodes in a met-
only the link structure of OSNs, we ask whether it is pos-ric space (geometric), and a link probability based on a
sible to infer the hidden reality of such networks. Canranking of the nodes (protean). We identify the users of
we group users with similar attributes from only the link an OSN with points inn-dimensional Euclidean space.
structure? For instance, a reasonable assumption is thBach node has a region of influence, and nodes may be
out of the millions of users on a typical OSN, if we could joined with a certain probability if they land within each
assign the users various attributes such as age, sex, rethers region of influence. Nodes are ranked by their
ligion, geography, and so on, then we should be able t@opularity from1 to n, wheren is the number of nodes,
identify individuals or at least small sets of users by theirand1 is the highest ranked node. Nodes that are ranked
set of attributes. Thus, if we can infer a set of identify- higher have larger regions of influence, and so are more
ing attributes for each node from the link structure, thenlikely to acquire links over time. For simplicity, we con-
we can use this information to recognize communitiessider only undirected graphs. The number of nodés
and understand connections between users. Such an dpxed but the model is dynamic: at each time-step, a node
proach could eventually be used for targeted advertisings born and one dies. A static number of nodes is more



representative of the reality of OSNs, as the number of(ii) Choose uniformly at random a node € V;_;,
users in an OSN would typically have a maximum (an ab- deleteu and all edges incident to.
solute maximum arises from roughly the number of users
on the internet, not counting multiple accounts). For a(iii) Update the ranking function(-, ) : V; — [n].
discussion of ranking models for complex networks, see
[10, 12, 20].

We now formally define the GEO-P model.

Since the process is an ergodic Markov chain, it will
The converge to a stationary distribution. The random graph
model produces a sequené6, : t > 0) of undi- correspon_ding to this distribution with given parameters
rected graphs om nodes, where denotes time. We @ /:m,p iS called thegeo-protean(or GEO-P model)
write G, = (V;, Ey). There are four parameters: the graph, and is written GEO{R, 3, m, p). See Figure 1
attachment strength: € (0, 1), the density parameter for a simulation of the model in the unit square.
3 € (0,1—a), thedimensionn € N, and thdink proba-
bility p € (0,1]. Each node € V; has rank-(v,t) € [n]
(we use[n] to denote the sefl,2,...,n}). The rank
functionr(-,t) : V; — [n] is a bijection for allt, so ev-
ery node has a unique rank. The highest ranked node has
rank equal to 1; the lowest ranked node has ranKhe
initialization and update of the ranking is done tan-
dom initial rank In particular, the node added at time
t obtains an initial rankR; which is randomly chosen
from [n] according to a prescribed distribution. Ranks
of all nodes are adjusted accordingly. Formally, for each
v e Vi,

r(v,t) =r(v,t —1)+0 — 1,
Figure 1. A simulation of the GEO-P model, with=

whered = 1if r(v,t — 1) > R; and0 otherwise, and
5,000, a = 0.7, 3= 0.15, m = 2, andp = 0.9.

~ = 1if the rank of the node deleted in stefs smaller
thanr(v,t — 1), and0 otherwise.

Let.S be the unit hypercube IR™, with the torus met-
ric d(, -) derived from theL ., metric. In particular, for

any two pointsz andy in R™, 3. Resultsand Dimension

d(z,y) = min{||z -y + ulloo : u € {-1,0,1}"}.

We now state the main theoretical results on the geo-
The torus metric is chosen so that there are no bounderotean model. The model generates with high probabil-
ary effects, and altering the metric will not significantly ity graphs satisfying each of the properties (i) to (v) in the

affect the main results.

To initialize the model, letG, = (Vy, Ep) be any
graph onn nodes that are chosen fragh We define the
influence regiorf nodev at timet > 0, written R(v, t),
to be the ball around with volume

|A(v,t)| = r(v,t)"n =" .

Fort > 1, we form G, from G;_, according to the fol-
lowing rules.

(i) Add a new nodey that is chosemniformly at ran-

introduction. Proofs are sketched (or omitted due to lack
of space) in Section 4; complete proofs will appear in the
full version. Throughout, we will use the stronger notion
of wepin favour of the more commonly usees since it
simplifies some of our proofs. We say that an event holds
with extreme probabilitywep), if it holds with probabil-
ity at leastl — exp(—O(log®n)) asn — oo. Thus, if we
consider a polynomial number of events that each holds
wep thenwepall events hold.

Let N, = Ni(n,p, a, 3) denote the number of nodes
of degreek, and N>, = >,~, N;. The following the-

domfrom S. Next, independently, for each node orem demonstrates that the geo-protean model generates

u € V4_1 such thatv € R(u,t — 1), an edgevu

is created with probability. Note that the prob-
ability that u receives an edge is proportional to
pr(u,t — 1)~*. The negative exponent guarantees

that nodes with higher ranks (@:,t — 1) close to

power law graphs with exponent
b=1+1/a. 1)

Note that the variabled’-,, represent the cumulative de-

1) are more likely to receive new edges than lowergree distribution, so the degree distribution has power

ranks.

law exponent /.



Theorem 3.1. Leta € (0,1), 8 € (0,1 — «a), m € N, The following theorem suggests a significantly smaller
p € (0,1], and spectral difference between graphs generated by our
model than in random graphs.

pl-o—8 logl/2 n<k<nl-o/26 log_%‘_1 n.
Theorem 34. Leta € (0,1), 5 € (0,1 —a), m €
N, andp € (0,1]. Let A(n) be the spectral gap of the
1a,1-p)/ap—-1/a normalized Laplacian of GEO{l, 3, m,p). Thenwep

ThenwepGEO-Ra, 3, m, p) satisfies

N>p=(1+ O(log™'/? n)) ol
For a graphG of ordern, define theaverage degree of (i) If m =m(n) = o(logn), thenA(n) =1+ o(1).
Gbyd= @ Our next results shows that geo-protean

graphs are dense. (i) If m = m(n) = Clogn for someC > 0, then

Theorem 32 Wep the average degree of GEO- M) > 1— a+p
P(a, 8,m, p) is S S Yo
d = (1+0(1))—L—nl=op, @)
e Theorem 3.4 represents a drastic departure from the

Note that the average degree tends to infinity with 9ood expansion found in random graphs, whare=
that is, the model generates graphs satisfyirgeasi- (1) [6, 7].
fication power law In [17], densification power laws
were reported in several real-world networks such as the . .
physics citation graph and the internet graph at the levef-1. Dimension of OSNs

of autonomous system§. . Given an OSN, we describe how we may find the corre-
Our next result describes the diameter of graphs sam-

pled from the GEO-P model. While the diameter is notSpondlng d'menS'on pgramet&nfwe assume the GEO-
S . . P model.In particular, if we know the order power law
shrinking, it can be made constant by allowing the di- .
mension to grow as a function of exponenbd, average degreé and diametepb of an OSN,
then we can calculate: using the formulas (1), (2), and
Theorem 3.3. Leta € (0,1), 8 € (0,1 — a), m € (3). The formula form then (ignoring constants in the
N, andp € (0,1]. Thenwep the diameter of GEO- O(-) andf)(-) notation) becomes

P(a7/67 m7p) is

O(nT=77 log ™77 n). ©) o (2d<?_é>>

M= e D @

We note that in a geometric model where regions of
influence have constant volume and possessing the same,

average degree as the geo-protean model, the diameter te Fhat () sugg.ests a logarithmic growth for the di-
5 mensionm depending om.

is G(n%). This is a larger diameter than in the GEO- The parameters d, and.D have been determined for
;gcﬁslnwlgnﬂébiaig g’%g;g:esrogecgggfats{gr;ro' We samples from OSNs in various studies such as [2, 22, 14].
P . . " .~ The following chart summarizes this data and gives the
can also prove (and will be presented in the full version) imension for each network, with citations (next to the
thatwepthe GEQTP moadel generates graph with COnStan?uame of the network) wheré the data was taken. We
clusrt]erlng coel_fncgant. laci ¢ h. introduced b roundm up to the nearest integer. Owing to the large-
CrL neg n[g]r m?e;;fes Ltzpirarllcp;g?t;n tag?a:SE [.:)rlgpt::rtizge Le);scale character of these networks, our assumption is that
' ; : " the parameters, d, D found in those samples approxi-
4 denote the adjac_ency matrix arfd denote the di- mate the ones in the entire network. We note that the
_agonal degr_ee matrix of a gragih Tf}f” thflgormal- estimates of the number of user$or Flickr and Twitter
ized Laplacian of is £ = I — D AD - Let come from Wikipedia [26], those from YouTube comes
0=2 <A1 <-v < Any < 2denote the eigenvalues ¢ i eir website [27], and those of Cyworld are from
of L. Thespectral gapof the normalized Laplacian is [8]. When the data consisted of directed graphs, we took
A =max{|A; — 1], | An_1 — 1|} b tq be the power law exponent for the in-degree distri-
bution. As noted in [2], the power law exponentbof 5
A small spectral gap is an indication of bad expansionfor Cyworld holds only for users whose degree is at most
properties, which are characteristic of OSNs (see propapproximatelyl 00.
erty (v) in the introduction).



Parameter || OSN
Cyworld [2] | Flickr [22]

n 1.2 x 107 3.2 x 107

b 5 2.78

d 31.6 12.24

D 6 27

m 7 4
Parameter || OSN

Twitter [14] | YouTube [22]

n 4.55 x 107 [ 3 x 10®
b 2.4 2.99
d 18.86 4.29
D 6 21
m 4 6

4. Proofs of Results

Owing to space constraints, we only give sketches of the
proofs of the degree distribution and diameter results of

Section 3. Complete proofs of all the results will ap-
pear in the full version of the paper. The following theo-

rem (whose proof is omitted) shows how the degree of a

given node depends on thge rank that is, the bijection

Proof of Theorem 3.1By Theorem 4.1 it follows that
wep each nodev; that has the initial rankR; >
v/nlog?® n such that

) ) o 1/«
Lii] > (1 + logfl/3 n) (pnl_o‘_ﬁnzk:_l>
n n
has fewer thai neighbours, and each nodgfor which

L

o 1/
(1- log™'/3 n) (pnlo‘ﬁnlk1>
n n

has more thai neighbours.
Letig be the largest value afsuch that
2log®n

. 1/«
17a7ﬁ”*1k71 >
(p" > -V

n
(Note that i n — O(n/logn), since k <
nl=/2=81og=22"1 1) Thus,

ENsr = Y0, (140(0g™ "/ n)) (pn' o~ F nzip=1)1/*
+O( ZL:'i0+1 1052717/”)

(1+000g=1 /3 n)) (pn= =Pk~ 1) " I, (ni)
(1+0(10g™"/3n)) (pn——Pr—1) /@ nltle

T+1/a
(H»O(log*l/3 n)) —ailpl/“n(l’ﬁv"k’l/“.

a(,t) : V; — [n] where nodes are ranked by age (theand the assertion follows from the Chernoff bound,

oldest node has rank equal to 1, and the youngest ongince k& < n'=e/2=Flog

has rankn).

Theorem 4.1. Leta € (0,1), 8 € (0,1 —a), m € N,
p € (0,1], i« = i(n) € [n]. Letwv; be the node in
GEO-R, 8, m,p) whose age rank at timé. equals
a(v;, L) = i, and letR; be the initial rank ofv;.

If R; > \/nlog?n, thenwep

R.

71)_‘]

n—i
n

deg(v:,L)=(1+0(10g /2 m)p (=i +( Yntme=s,

Otherwise, that is, if?; < \/nlog® n, wep

deg(vi,L) > (1+0(log='/2n)) p(m+na/2 log=2%n

n—i
n

Xnl=e=8,

Theorem 4.1 implies thatepthe minimum degree is
(14 o(1))pnt=2—5. Moreover, the average degree is

n

p i—1 1—a—p
e n
1lfoz n—1

(1+0(1) 2

1=

(1+0(1)) 22—

l1—a—p
n .
11—«

Hence, the proof of Theorem 3.2 follows.

221y and SOENs, =

Q(y/nlog? /e p). O

We now consider the diameter of graphs generated by
the GEO-P model.

Proof of Theorem 3.3We partition the hypercube into
1/A hypercubes, each of volumé (with A to be de-
termined later). Consider nodes with initial rank at most
R and age at most/2 (again,R to be determined later).

In each small hypercube, we would like to have’ n
such nodes whose initial influence region contains the
whole hypercube in which the node is located, and also
all neighbouring hypercubes.

It can be shown thawepthis is the case and remains
so to the end of the process, if the initial influence region
is slightly larger than™ A; say, at least’™ A. Therefore,
we obtain that

R %n 8 =5mA. (5)
It follows from the Chernoff bound thatepevery small
hypercube containeg? n such nodes, provided that the
expected number is at least, s&jog®n. Hence, we

require that

n,R
n

2 (6)

= 2log”n.



Combining (5) and (6) we obtain that the number of hy-[2] Y. Ahn, S. Han, H. Kwak, S. Moon, H. Jeong, Anal-

percubes is equal to ysis of topological characteristics of huge on-line so-
1 i 5 e cial networking services, IrProceedings of the 16th
a1 S5T-a nT-= logi-= n. International Conference on World Wide W&007.

Now, sincewepthere arelog” n nodes in each hyper- [3] W. Aiello, A. Bonato, C. Cooper, J. Janssen,
cube to choose fromyepwe can select exactly one node P. Prafat, A spatial web graph model with local influ-
from each hypercube so that each node is adjacent to ence regionsinternet Mathematic$ (2009), 175—
the chosen nodes from all neighbouring hypercubes (the 196.

younger node falls into the region of influence of the

older neighbours, and creates an edge with probability4] A. Bonato, A Course on the Web GraptAmeri-

p). Let us call this subgraph tteackbone It is clear that can Mathematical Society Graduate Studies Series
the diameter of the backbone is in Mathematics, Providence, Rhode Island, 2008.
1\/m B8 20 [5] A. Bonato, N. Hadi, P. Horn, P. Pratat, C. Wang,
— = O(n(lfu)m log(lfu)m n) . .
A Models of on-line social networks, acceptedite

To finish the proof, we will show thatrepany nodev ternet Mathematis2010.

that is not in the backbone is within distance two from 6] F.R.K. Chung, Spectral Graph TheoryAmerican

some node in the backbone. Sinwepthe minimum Mathematical Society, Providence, Rhode Island,
degree is)(n!=2=%), wep Q(n'~*=?) neighbours of 1997.

v have age rank at least/2. Since each such neigh-
bour falls into the region of influence of some node in[7] F.R.K. Chung, L. Lu,Complex Graphs and Net-

the backbonewepat least one neighbour ef must be works American Mathematical Society, U.S.A.,
connected the backbone. O 2004.

[8] Cyworld: South Korea's leading social network. Ac-
cessed February 15, 2010.
http://ww. squi doo. com cywor | d

5. Conclusion and Discussion

We introduced the geo-protean (GEO-P) geometric

model for OSNs, and showed that with high probability, 9] E. Estrada, Spectral scaling and good expansion

the model generates graphs satisfying each of the prop- roperties in complex network&uroohvs. Lett73
erties (i) to (v) in the introduction. We introduce the di- (p2086) 649-655 P gurophys. '

mension of an OSN based on our model, and examine
this new parameter using actual OSN data. We observef0] S. Fortunato, A. Flammini, F. Menczer, Scale-free

that the dimension of various OSNs ranges from four to  network growth by rankingPhys. Rev. Let96(21):
7. It may therefore, be possible to group users viaarel- 218701 (2006).

atively small number of attributes, although this remains
unproven. [11] S. Golder, D. Wilkinson, B. Huberman, Rhythms of
The ideas of using geometry and dimension to explore  social interaction: messaging within a massive on-
OSNs is a novel one, and deserves to be more thoroughly line network, In: 3rd International Conference on
investigated. It would be interesting to explore how best ~ Communities and TechnologjeX)07.
to fit OSNs into Euclidean space, with an emphasis on _ )
the accuracy of the embedding. Our hope is that a geL12] J. Jan_ssen, P. Pratat, Prot.ean graphs with gvarlety
ometric structure exhibited by social networks may be  Of ranking schemesTheoretical Computer Science
used to further explore properties of the network. Can 410 (2009), 5491-5504.
a geometric embedding of OSNs help determine thei
community structure? Another direction is to examine
the edge-length distribution in the GEO-P model, and
then apply that to actual OSN to classify “long” links
in social networks.

r[13] J. Janssen, P. Pratat, R. Wilson, Estimating node
similarity from co-citation in a spatial graph model,

In: Proceedings of 2010 ACM Symposium on Ap-
plied Computing—Special Track on Self-organizing

Complex SystemSpp.
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